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Abstract

Finite mixtures of multinomial logit models can be used to capture consumer choice het-
erogeneity across multiple markets when only aggregate consumer choices per market are
available. A motivating example is a nested logit where the composition of each mixture
component (each nest of alternatives) is unknown a priori. We show that in order to iden-
tify these models it suffices to require that each mixture component includes at least two
component-exclusive alternatives. We refer to our assumption as the pure-alternatives con-
dition, and we argue it is a natural extension of the anchor-word assumption used commonly
in nonnegative matrix factorization problems in machine learning. Our identification result
enables a consistent two-step estimator as the number of consumers, markets, and alterna-
tives grow large. Applying this framework to the U.S. vehicle market, we find that consumer
heterogeneity does not yield substitution patterns between electric and internal combustion
engine vehicles, suggesting consumer segments are distinctly aligned with specific vehicle

types without crossover substitution.

Keywords: discrete choice, finite mixtures, machine learning.
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1 Introduction

In this paper, we study Finite Mixtures of Multinomial Logit Models (FML). These are categor-
ical finite mixture models, where each mixture component arises from a multinomial discrete
choice model with observed and unobserved endogenous characteristics and an idiosyncratic er-
ror term that follows a standard Type-1 extreme value distribution. The goal of the FML model
is to identify the mixing distributions (the proportions of subpopulations that share mixture com-
ponents) and to estimate the corresponding preference parameters in each of the finitely many
mixture components. Unlike mixed logit methods, which assume a known distribution of sub-
populations maximizing utility across all alternatives, FML uncovers latent subpopulations with
unknown memberships who may optimize utility over an unknown subset of alternatives. This
provides a powerful framework for analyzing hidden heterogeneity in choice behavior.

Mixture models are widely used in economics and other fields (Compiani and Kitamura,
2016; McLachlan et al., 2019), offering solutions when a single distribution cannot capture the
complexity of the observed data. Finite mixtures, particularly, provide a simple model for ana-
lyzing complex data structures. However, identifying and estimating these models in our setting
presents two important challenges. First, only aggregate data, such as market shares, are observed
rather than individual choices. Second, membership in latent subpopulations is unobserved, com-
plicating the assignment of choices to specific mixtures. In this paper, we provide identification
criteria and estimation strategies for FML models to address these issues.

In this paper, we make two contributions to the literature. First, we show that the existence of
pure alternatives—alternatives that are specific to a mixture component—can be used to identify
the parameters of the model, even when no individual-level data are available. Second, we in-
troduce a novel two-step procedure for estimating Finite Mixtures of Logit Models (FML) using
aggregate data.

The two-step procedure begins by assuming the existence of instrumental variables that shift
the observed endogenous variables. Then, the variation generated by the instrumental variables—
along with the pure alternatives assumption and the multinomial logit structure—ensures that the
log-share difference between pairs of pure alternatives within the same mixture component satisfy
certain linearity assumption (as a function of the differences in the observed endogenous vari-
ables). Consequently, a nonparametric functional form test can be used to estimate the identity
of the pure alternatives. The nonparametric test we use in the paper is based on the work of Fan
and Li (1996) and leverages the Independence of Irrelevant Alternatives (IIA) property in each
mixture component. Novel use of concentration inequalities helps derive a tuning parameter that
guarantees that pure alternatives can be selected with high probability. The nonparametric test

is applied to the residuals of pairwise regressions in which the outcome variable is the log-share



difference between a pair of alternatives, and the regressor of interest is the endogenous vari-
able. These regressions are estimated by two-stage least squares (2SLS). In the second stage, the
suggested estimation procedure recovers mixture weights using the identified pure alternatives.

The identification assumption proposed in this paper is an extension of the anchor-word as-
sumption (or more generally the separability condition) used commonly in nonnegative matrix
factorization problems in machine learning (Donoho and Stodden, 2003; Arora et al., 2012a,b).
In the context of topic models for text data, anchor words are unique terms associated exclusively
with specific topics (Bing et al., 2020b,c; Ke and Wang, 2022).! In our model, pure alternatives
are alternatives that are specific to each mixture component.

A notable feature of FML is that—beyond the pure alternatives and the multinomial logit
structure—its estimation does not require any additional substantial information about the mix-
ture components. In the context of nested logits (which are a particular case of the FML), this
means that it is not necessary to pre-specify the nesting of alternatives, a major departure from
traditional models (Nevo, 1998; Train, 2009; Miller et al., 2021; Fosgerau et al., 2024). We
also think that the FML model could be useful in the context of the literature on consideration
sets (Manski, 1977; Swait and Ben-Akiva, 1987; Abaluck et al., 2020; Barseghyan et al., 2021a,b;
Barseghyan and Molinari, 2023; Abaluck and Adams-Prassl, 2021; Agarwal and Somaini, 2022).
Broadly speaking, this literature studies models where decision-makers consider only a subset of
the available alternatives when making choices. While traditional logit models assume that all
available options are considered, decision-makers often evaluate only a smaller subset (this sub-
set is called the consideration set). The identification arguments used in this paper are different
to the ones currently used in this literature. Moreover, theoretically speaking, our framework can
allow for the consideration sets to depend on observed (exogenous and endogenous) covariates
and also unobserved characteristics.

We demonstrate the efficacy of this estimation approach using a Monte Carlo simulation and
then apply the method to an empirical application: estimating demand in the US electric vehicle
market using yearly data from 2011 to 2020. The algorithm classifies two groups: Electric Ve-
hicles (EVs) and Internal Combustion Engine (ICE) vehicles, representing two pure alternative
pairs. Results reveal no significant substitution pattern between EVs and ICEs, with substitu-
tion declining further when incorporating second-choice data, as observed by Xing et al. (2021).
These findings support the consideration set literature over traditional nested logit models, which

typically assume positive substitution patterns among nests.

!The separability assumption is also used in other fields beyond the analysis of text data—for example, the “pure-
node” assumption in community detection (Airoldi et al., 2008; Mao et al., 2017) and the “pure pixel” assumption in
hyperspectral imaging (Ma et al., 2013). This shows the broad applicability of separability concepts across diverse
contexts.



This paper also connects to machine learning approaches that incorporate sparsity-like as-
sumptions in economic models. Unlike post-LASSO methods (Belloni et al., 2012), which use ¢,
penalties, the clustering method proposed here recovers sparse signals while enhancing compu-
tational efficiency and interpretability. Using pairwise comparisons, our approach improves the
computational complexity of Bonhomme and Manresa (2015), capable of dealing with nested
logit models. In contrast, our method accommodates overlapping structures and an unknown
number of types. The identified sparse signals serve as anchors, enabling the recovery of high-
dimensional parameters within logit models featuring finite mixtures. Furthermore, the stepwise
procedure (Kozbur, 2017; Bing et al., 2020a) contrasts with the EM algorithm, yielding inter-
pretable results due to its inherent sparsity. This is particularly evident when pure alternatives are
identified, offering a straightforward and transparent framework for understanding the mixture
components and their underlying data structures.

The paper is organized as follows: Section 2 discusses the settings of FML, Section 3 presents
the model assumptions and identification strategy, Section 4 details the estimation methods, Sec-
tion 5 offers empirical evidence, and Section 6 explores model extensions. Section 7 concludes,

with detailed proofs provided in the appendix.

2 Setting

2.1 General notation

The following notation will be used in the paper. The set {1,...,n} is denoted by [n]. For a
generic set S, we define |S| to be its cardinality. For a generic vector v € R, we denote [Ivll, to be
the vector’s [, norm forg = 0,1,2,..., o0, and diag(v) to be a d X d diagonal matrix with diagonal

elements equal to v.

2.2 Model

A decision maker n in market ¢t € [T] selects a single good from a set of alternatives j € [J]. In
contrast to the framework in McFadden (1972) and Berry (1994), the decision maker is character-
ized by a random type 6 € [K]. A decision maker with type 6 only chooses alternatives belonging
to Jy C [J].2 As is common in applications, we assume decision makers observe market-level

characteristics

X; = (x4, prs f;l)

2The decision maker may either consciously select this nest or automatically narrow her choices based on limited
consideration. In the second stage, she makes a final choice from alternatives within this selected subset.



where x; = (xy;,...,xy) represents exogenous observed characteristics with x;, € R p, =
(11> - - -» pyr) denotes endogenous observed characteristics with p;, € R, and & = (£],,...,&%,)
captures unobserved type-market characteristics, with each &/, = (§/,,,...,&;,,) where & € R
for k € [K]. We refer to p;, as the price correlated with the structural errors £“.* The superscript
u indicates that these unobserved characteristics have not been normalized to have mean zero
through fixed effects. When d = 1, we allow for no observed exogenous covariates.

The conditional indirect utility of a decision maker n from choosing alternative j from nest

Jy in market 7 is represented as v,»;; where we adopt the multinomial logit model, given by

e T
Vagjr i= Xjﬁe —gpj + ugj + Ao +€ngjs

S0t

with heterogeneous coefficients vy = (B, ay) € B? in the different mixtures.*>1, € A is a user-
specific/estimated variable explaining the relative utility of the unobserved quality, £;;. The id-
iosyncratic preference shock to decision maker n, denoted as €9, is assumed to follow an inde-
pendent Type I extreme value distribution.® The mean utility of product j for consumers of type
0 is 6gj; and define Og; := (0p11, -+ , Oayr)-

The choice probability of product j in market ¢, denoted by s, represents a single consumer’s
choice behavior, averaged over consumer types, idiosyncratic shocks, and other factors not cap-

tured in X;. Derived from utility maximization, s, is given by

si =K (snjt | X,) =E [E (s,,j, | 6, X,) | X,]
= > PO = k| X)P (argmax;c, vigir = j | 0 = k,64), (1)

ke[K]

where s,,;:(6, X;) := T{argmax;; v.g; = j} abbreviated here as s,,; and P(0 = k | X,) represents the
probability distribution of consumer types in market ¢, assumed homogeneous across consumers.

The choice probabilities with simplified notation are

Sje = Z Tl S jlke 2)

3The results can easily be generalized to accommodate multidimensional endogenous variables, though we focus
here on the common practice of a single endogenous variable.

4The model is also able to include alternative-type specific coefficients where x; =1{j =1}, ,1{j = J}x)),
and By = {Bg1, - - ,Pes}. We leave the identification of such a problem into extensions.

>The fixed effects might be redundant by replacing the alternative-type specific fixed effects uy ; € U by setting
the dummy variables as observed characteristics ;¢ tg;1{j = i} but we include the fixed effects here since the
identification strategies for the alternative specific coefficients are different.

50ur model also extend to v, it = ij.t,Bg —agpj + Ag€j + egjr + €49 With egj; independent over types.



where 7y, ;= P (@ =k | X)) and sy, := %7 The indicator function, 1,,(j), takes the value
1 if and only if j € J;. We refer to this model for aggregate market data as a Finite Mixture of
Logit Models (FML).

We will show that the FML models simplify the estimation process by allowing for a straight-
forward interpretation of choice probabilities and facilitating the incorporation of observed and
unobserved factors affecting the decision-making process. Due to several examples below, such
a semi-parametric simplification is still practical and useful. 3

CHALLENGES FOR IDENTIFICATION: Identifying the parameters of model (1) nonparametrically
poses significant challenges. First, the categorization of alternatives into nests is not directly ob-
servable, preventing a straightforward mapping between utilities and market shares, as in Berry
(1994). Even when nests are known, the unobserved random vectors &,, complicate identifica-
tion. In the Appendix 1.2, we provide a constructive example illustrating this issue. Some models
simplify the identification by ignoring unobserved product-specific characteristics (Abaluck and
Adams-Prassl, 2021; Aguiar and Kashaev, 2019), while recent works incorporate these unob-
served characteristics (Abaluck et al., 2020; Agarwal and Somaini, 2022). For example, Abaluck
et al. (2020) use a one-to-one mapping and the connectivity assumption from Berry and Haile
(2014), where changes in one product’s utility affect all others, while Agarwal and Somaini
(2022) assume two sets of instruments: one affecting the endogenous variable and another in-
fluencing consideration sets.

We address these unobserved characteristics with different identification assumptions and
strategies. A key assumption we employ is the specific choice probability of the logit format
conditional on type, which aids in distinguishing whether observed variation originates from
preferences or the consideration set. This additional assumption enhances our ability to disentan-
gle these sources of variation with only one set of instruments, thus advancing the identification

strategy for the model.

"We have

P(argmaxiejkvné)ir =jlO=k, 59jr) = P(argmaxiejk Vakie = J 10 =k, 6kjt)
= P(6xjr + €ujr > Okir + €nis Vi £ j | 6 = k, Ok 1)

e5k_fx

=—, Vjelg.

Zie]k e

8Note that we don’t consider outside options here. Still, similar to the nested logit model (Miller et al.,
2021), we can consider the outside option as belonging to a distinct type O nest Jy, solely comprising outside
options. For the outside option s, = 1 if 8 = 0 and 5,0, = 0 if § # 0, we have E(snj, |6 +0, X,) =

E[E (sne 16,60 % 0,X,) 10 # 0,&,] = Yers PO = k | 0 % OP (argmax;c, vugir = j 1 6 = k, 5pr) = 7.

I*Sm




2.3 Examples

This subsection provides two primary examples closely related to our approach for identification,

estimation, and empirical applications.’

Example 1 (Nested Logit) A logit model has the assumption of independence of irrelevant al-
ternatives (IIA). In detail, the proportions of the shares of two alternatives only depend on their
characteristics (Train, 2009). As a result, logit models exhibit substitution patterns where an
increase in the price of one alternative may not increase the shares of the most similar item sig-
nificantly.

The nested logit addresses some of these issues. By adjusting the distribution of the error
terms. Consumers select a nest with similar alternatives first and then alternatives within the nest.
Partition J as {Jy, ..., Jg}. Let 6 : [J] — [K] be the function that assigns each alternative j to the

index of the partition that contains it; that is, j € J; if 8(j) = k. The share formula becomes

P N 5 S e
ZIZI (Zie]l es )O— ZiE]g(j) eV

where & jt = Xp+u;+&;, with o* < 1. The nested logit, therefore, is a special case of (2), and our
model has more flexibility on the coefficients and allows overlapped nests to exist. Moreover, our
specification admits our model to fit into the framework of the generalized nested logit proposed
in Wen and Koppelman (2001) by setting the fixed effects properly. Most importantly, we do not

require the “nests”, and their numbers are known.

Example 2 (Logit with Limited Consideration) Limited consideration models (Abaluck and

Adams-Prassl, 2021) assume
$i(p) = D wp)si(pi | Co), 3)
k

where s5;(p,) is the observed probability of good j being bought given market prices p,. m(p;)
gives the probability that the set of goods Cj is considered given observable characteristics.
sj.( p:|Cy) gives the probability that good j is chosen from the consideration set Cy. If the sj.( p:ACr)
satisfies a logit model, we will demonstrate that it aligns with our framework. The case is unique

in terms of the identification compared to Berry (1994) in the sense that in reality, if certain

9 Although the FML method extends to the topic model with covariates (as discussed in Appendix H), this model’s
identification lies outside the paper’s current scope.



product types are not considered, the share of some products might be zero.

3 Identification

This section establishes the identification of model (2) under two scenarios. First, when the nests
of types are disjoint, meaning J; N Jp = & for any k # k’. Second, when overlapping nests
occur—i.e., if there exists k # k' such that J, N Jp # &—, but any pair of types for which
there is an overlap exhibits different price sensitivity; i.e., a;y # ay . If either of these scenarios
holds, we say that our model has separating types. The primary identification assumption in this
section excludes the case where a single nest contains all alternatives. The treatment of such a
nest, as well as overlapping nests with possibly identical price coefficients (and thus the formal

discussion of separating types), is deferred to Section 6.

3.1 Identification assumptions

Definition 1. An alternative j € [J] is said to be a pure alternative for type k € [K] if (a)
1,(j) =1and (b) 1,,(j) = 0 for any k' # k.

The main assumption we use to identify the FML model in Equation (2) is the following:

Assumption 1. (Pure Alternatives) For any type k € [K], at least two pure alternatives exist for
each type k.

In words, the pure alternatives assumption requires that for each type there exist at least two
alternatives in his/her choice set that are not considered by any other type k. Our assumption is an
extension of the “separability” condition used in the literature studying nonnegative matrix factor-
ization problems; for example, see Theorem 4.37 in Gillis (2020). To the best of our knowledge,
analogs of the separability condition have not been used to identify the type of models considered
in this paper, which feature unobserved heterogeneity &;,.'°

We also assume there is a vector of instrumental variables z, = (zy;, ..., z;) with z; € R for
the prices. For simplicity of the argument, we condition on an arbitrary value of x, € R“~Y*/ and
suppress it to fixed effects with type-specific fixed effect as Berry and Haile (2014) to u € UX*/.
The following assumptions apply to the instrumental variables.

Assumption 2. (Instrumental Variable) (a) For all j € [J], E(£;; | z;) = 0. (b) For all j, j el

E(pj — pj, | ) is not a constant almost surely.

10The closest analog of the separability assumption in the context of models with limited consideration appears
in Aguiar and Kashaev (2019), but in their framework, there are no unobservable characteristics and need only one
alternative per type



We mainly consider cost shifters; for example, Petrin (2002) uses plant closures and en-
try costs to handle price endogeneity in the demand estimation, while other studies have relied
on various supply-side instruments; for instance, cost-shifting variables such as fuel prices and
emission standards, as employed in Train and Winston (2007), and tariffs and exchange rates, as
demonstrated in Goldberg (1995), provide valid instruments by shifting costs across models with-
out directly affecting consumer preferences, and may be applicable in this context by interacting
with an alternative-specific dummy variable.'!

Finally, we impose an extra condition to exploit Assumption 1 for identification. For any
alternative j € [J], define 6(j) := {6 € [K] : 1,,(j) > 0}. That is, 6(j) collects all types with
alternative j in their consideration set. Define also the function /(-) : [K] — 2! that assigns to
each type its pure alternatives. That is, /(6) denotes all the alternatives only considered by type 6.
With the definition, the collection of sets of pure alternatives is given by 1 := {I(1), -, I[(K)}
and the sets of all pure alternatives is given by Iy := UX_ I(k). For two alternatives j and j, define
the log share difference as

AT sy :=logs;, —logsy,.

Figure 1: Sufficient condition for the dependence of irrelevant alternatives
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Assumption 3. If alternatives j and j' are not pure alternatives of the same type, then

E(A7 5,1 z) # u+ all(pji — py. 1 z20)

""We might use BLP-type product-level instrumental variables, where Assumption 2(b) requires that the instru-
ments affect price differences between alternatives. For example, if a firm produces two vehicles with differing
horsepower, a decrease in this difference should lead to a narrower price gap as the firm adjusts prices to align with
relative product characteristics. However, identification warrants further discussion due to the non-fixed nature of
covariates.



for any constant a and u with positive probability.

In the two remarks below, we provide intuitively sufficient conditions to support the assump-
tion of “dependence on irrelevant alternatives,” which here, to be more precise, is that the log

share difference does not satisfy a linear format. We define
.S k .
AT K, :=Tlog s, — log Skt

for any k € 6(j) = 6(j").

Remark 3.1. A sufficient condition ensures that Assumption 3 holds. Specifically, for any pair
of alternatives j and j' that are not pure alternatives of the same type, and for any type k €

0(j) U 8(J"), there exists a sequence {Z];’jj ,} such that a type of shares for the pair dominant:

S = S =
Jt | skijj Jkt sk, ji
|27 - — %
Syt S 'lkt

uniformly as t — oo, and E(pj; — pj | Zf’jj/) remains bounded as t grows. See the proofin A.l.
The first economic intuition behind this assumption is that, without loss of generality, for all
k' € 0(j)VO() ) with k' + k, we use instrumental variables to drive the utilities of pure alternatives
Jw # jand ji. # ' to infinity, while holding the other utilities “fixed”, such that s | Zf’jj/ -0
and sjy | Zf’jj, — 0. In this scenario, the only attractive alternative within type k' is the pure
alternative ji so j and j are ignored by consumers. The second economic intuition is that the

instrument shifts ny, such that nty, = 1 almost surely, implying that mi., = O for all k' # k.

Remark 3.2. The intuitions above apply when instruments only shift preferences within a nest
or alter the probability of types. The sufficient assumption in Remark 3.1 for Assumption 3 is
common in many other setups, such as the nested logit model with p, L &, for the simplicity of the
argument. The proof is provided in Appendix A.1. We require this assumption because a problem
arises when, in a nested logit model, the o parameters are set to 1, making the model equivalent
to a simple Logit model. In this case, neither the number nor the distribution of mixtures can be
identified. Appendix A.l excludes this scenario and only the pure alternatives within the same

nest satisfy the I1A assumption.

3.2 Identification of the parameters

With a known distribution of S, := {s,, p;, X, z;}, our goal is to identify {6(-), "' (), n(-), X, u'0}

where the commonly used notation o~!(:): S, — & recovering the unobserved qualities and the

10



function 7(-): S, — m, obtaining the probabilities of nests. aX = (a1, ..., ak) is the price coeffi-
cients of different types. u’® € R’*K represents fixed effects relative to a set of pure alternatives I
normalized to zero. As in the previous subsection, we condition on a given x;.'

With Assumptions in 3.1, we can identify the price coeflicients and the number of types. For

two pure alternatives j; and j, € I(k), we have that

E(Ajkj;‘ St|Zt) =u+ aE(pjkt - pjltlzt)’ X

I
where u = u’.

—uJ and a = ;. Equation (4) is also sufficient for pure alternatives of the same type
due to Assumptlon 3. Because j; and j; are pure alternatives for type k, then 6(j;) = 6(j;) = k

define the type. The following theorem formalizes the argument.
Theorem 1. Under assumptions 1, 2, and 3, the parameter oX in the FML is identified.

See the proof of Theorem 1 in Appendix A.2.

We can finish the identification directly if the nests do not overlap. As for overlapping nests,
we simplify notation by defining ei‘} =1{j € Jk}e”/i(} for k € [K] and j € [J]. We refer to efj
as the type-alternative fixed effect of a share. We want to identify these parameters because they
characterize the vectors of fixed effects u’ and types of alternatives 6(-). To formulate moment

conditions for estimating these fixed effects, we specify the inverse function for & ¢ as:
s o L. ~K K 5 ZKy _ Z
g (sjta St()’pjt’ptoaal 7/1 7er’é‘:[ ):é‘:jt

~ ~ ~ 1 ~ ~ ~ ~
Where S[O = (Sjlta"' ’SjKt)a pto = (pjlta"' ’pjm), (IK = (a/la"' ’a,K)a /lK = (/ll"" 9/11()9 eoj =

(€1, , ek ) for j e [J], Sf = (gjlt, e ,S/Kt)’ and 0! is defined through the share equation:

~ o~ LEi—aup:
I LT i s
Sjt = z . 5)

e/lkfjkt—(lkpjkr

The inverse function exists due to the monotonicity of equation (5). We can show that with extra
assumption, eioj is unique such that E[o" (s, s°, pji, p; o, 2K e f’], % | z;] = 0. Therefore,
parameters {6(-), u} are identified.

Assumption 4. (Full Rank) For any non-negative vectors eX,&X € RX, random vectors ¥, X

RXsuch that B(¢, | z) = 0 and B(, | z;) = 0, if e # &, then

St % > Zkr *
Z exe My F Z exe™ 'y,

ke[K] ke[K]

12We can identify 8 once u is identified

11



nkte"’kl’jt

with positive probability, where ﬂzﬁ = T
Remark 3.3. We can rely on a similar sufficient assumption as Remark 3.1. For type k € [K],

there exists a sequence of {Zf’j } such that

% ~k,j * ~k.j
ﬂkjt | 3y >> ﬂk’jt | Z

uniformly for any k' # k.

Theorem 2. Under assumptions 1, 2, 3, and 4, the parameters {6(-), o, ul®} in the FML are
identified.

See the proof of Theorem 2 in Appendix A.2. If we assume the unobserved characteristics are
i.i.d., the variance of the pure alternatives can be used to identify A here. This theorem suggests
we can identify the pure alternatives, price coefficients, and fixed effects relative to fixed impacts
of a set of pure alternatives normalized as zero by moment conditions. However, the unobserved
characteristics and probabilities of nests are still interesting for the counterfactual analysis. Next,
we will discuss how to identify them.

Identifying the £ in the standard nested logit model is straightforward by normalizing one of
the pure alternatives in each nest to zero, which is a common practice. However, when dealing
with overlapping nests, the situation becomes more complex. Specifically, if we attempt to recen-
ter a set of pure alternatives of different types, but some of them are “connected” by overlapping
nests as zero when they are not, we introduce misspecification into the model. This misspecifi-
cation affects the probabilities associated with the nests, as the characteristics of alternatives in
other overlapping nests will now be included erroneously. Additionally, the error terms of these
alternatives will be distorted by a similar factor, complicating the identification of &.

Without loss of generality, we choose a specific set of pure alternatives Iy = {ji,..., jx}
from different nests. We define ff‘) = {&j1 -+ € as a set of intermediate parameters for the
identification to reflect that they cannot be recentered as zeros. For simplicity

a;,l(ef"j, t[") = O'_I(Sjt, s,"’, Djts pf"; al, A, ef’j, IIO).
With the intuition above and the intermediate parameters, the following theorem concludes the

identification section.

Theorem 3. Under assumptions 1, 2, 3, and 4, additionally assume the conditional distributions
silt, s,"’,p,"’, ,’“ and pj | t, s,"’,p,"’, ,10 are known for any j € J — Iy, and E(&j, | t, sf“,pf", ,l") =0

for any j € J — Iy, then parameters {0 (+), n(-)} in the FML are identified.

12



See the detailed proof in Appendix A.2.

Remark 3.4. Alternatively, we can also assume &j are i.i.d. conditional on market t, with
E(&jlt) = 1, where i, reflects market-specific information and the preference for the inside over the
outside option."> We have 1, canceled out in the share equation. Note the distinction between The-
orems 2 and 3: observed variable coefficients are identified from cross-market variation, while

unobserved characteristics are identified within markets.

4 Estimation

The estimation differs from the common practice after identification since the number of observa-
tions is limited while the model is high-dimensional. Specifically, the data comprises the sales of
each alternative j € [J] purchased across markets ¢ € [T]. We denote the sales and the empirical
shares by the J X T matrices Y and §. Let N represent the total number of consumers across all

markets and the empirical share S = %.14 For each market ¢, we assume that
Y.[ | (X[, 7Tt, 0, a, IB) ~ Multlnomlal(N, S[), (6)

where Y,, is the 7-th column of matrix Y, and §, = (§y,,..., §;;) is the ¢-th column of S. We
assume X, is an independent bounded random vector for simplicity in the statistical analysis
of this high-dimensional model. In the next section, we formalize the assumptions to provide
statistical guarantees. One immediate concern is whether a multinomial assumption aligns with
individual-level utility maximization, where s, | X, represents a binary choice variable with
expectation sj,. Since the choice is mutually exclusive, the multinomial distribution is aggregate
choice probabilities under individual utility maximization, where each consumer’s binary choice
can aggregate into a multinomial outcome.

This section presents a nested two-step algorithm for estimating the identified parameters.
First, we introduce algorithms for estimating and verifying the linear functional form of log
share differences between pairs of pure alternatives. Next, we estimate all remaining parameters
using the identified pure alternatives through a simulated generalized method of moments (GMM)
approach. Nonparametric checks for linearity are particularly challenging due to the curse of
dimensionality, especially when the dimensionality of the instrumental variables is of order J.
To simplify the problem, beyond assuming data independence, we impose a stronger regularity

condition during the estimation process, where the instrumental variables for pairs are sufficient

13We omit cluster-level standard errors for simplicity, but the assumption can be extended to conditional indepen-
dence between alternatives in different clusters. We leave dependence on the covariates as future works.
4Even if markets have varying consumer numbers, with a minimum of N, the argument remains valid.
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to verify the linear specification. Formal assumptions and statistical properties are outlined and

discussed in Subsection 4.2.

4.1 Algorithms

We concentrate on (4) to recover the pure alternatives first but with variation in the exogenous

variable x,
AV s = (xje—xp ) B=—apje —py) —u= AU — &), (7

where E(§; — &y/lzji.z7,) = 0. The parameters 8 = Bi, @ = ax, u = uje — 7, and 1 = A
are identical for any k € 6(j). We introduce notation for the simplicity of the arguments. Given
alternatives j and j, we define w/’ = w i+ — wy, for any random variable w;,. We also introduce
7ii e RT¥@+2) where the column vector of 7-th row Z{jl = (x{j/T,zj,,zj/t, )T and X/ € RT*@+D

L7
JJ T

2T, p{j , 1)T. Alternatively, we can write

where the column vector of #-th row fc{j =(x
A s, —x" T B—apl! —u=2a¢&. (8)

Algorithm 1 estimates the sets of pure alternatives by checking the linearity of the pairwise

difference of log shares. Ideally, we rely on the conditional moment test
® = BIE EE 120270 f @i 7)),

and its sample analog 7~' 3", E{JE(E,” |2ji»27)f (Zji»2,) as Fan and Li (1996); Li and Racine
(2023) to test the pure alternatives where Et” instead of §,jj’ indicates that Et” & =&, (1, 7))
might not be a pair of pure alternatives in the same nest. Specifically, 7, returns a collection of
sets of pure alternatives. Meanwhile, the variation in the specific product, except for the variation
in the probabilities of the canceled-out types, can be pinned down by estimated pure alternatives.

Algorithm 2 estimates other parameters by the (conditional) moment conditions. For any
alternative j € [J], there exists an unique vector ef"j = (ei"j, e ,elKOj) > (0 and some ff" =
(&P, &0 ) where B(£ | z) = 0 such that E[o™'(sji, 5,°, pji» pi3 ¥, A5, €2, €0) | 2] = 0.
We use the fact that &, are i.i.d, so given ef"j for all alternatives, the unobserved quality £ can be
estimated by the variation within the market using s;, = Y, e,{"js @D [ it PP
We ignore the data information of alternative j for the simplicity of the notation:

~-1

I I
i 0 0)

Io loy . -1 ) L. ., K 3K
g (e.j,l(), [)'_O- (Sjtas[ apjt’pt”y 9A ,e.j, t
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Algorithm 1 Recover a collection of sets of pure alternatives and compute group averages

Require: Matrix of empirical shares § € R’*", matrices of exogenous covariates X; € R™@1,
vectors of prices p; € R”, vectors of instruments z; € R”, tuning parameter ¢y > 0, kernel
function k(-), and bandwidth # € R?

> for all j € [J]
procedure Pure(S, X, p, z, co. k, h)

Tog—0 > A collection of sets of pure alternatives
[0 > Size of 1 0
K«0 > Number of types
& —[1L.B <1 > Initialize lists to store & and j3;

forj=1,...,/—-1do
for / =j+1,...,Jdo
Calculate (&, /3’, it) < 2SLS estimators for specification where §; A §, > 0
Calculate &7 — 1{3; A §j, > O} A5, — (x/)TB - ap!” -
Calculate & = L 57 ST BBV g e (12 ) ke (L2)
if & < 1 then
l—1+1
(Zo, K(-)) — Merae({i, j}, £o, 1)
(@1, B) — (@.p)
Calculate ¢¥ and ¥ > Group averages for each type K
fork=1,...,max(K) do
C:Y/f < m 2K )=k (?l
B - I{IK(IW 2ka=kBi
return 7, &¥, and B¥

function MerGe(G, Gy, )
k<0
for g € G, do
k—k+1
if g NG # 0 then
g—guUG
K() <k
break > No need to check further
if no g € Gy such that g N G # () then

Go < Gy U {G}
return G,, K(-)
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Algorithm 2 Estimate the probabilities of nests

Require: matrix of empirical shares § € R’ matrix of covariates X; € R""!, vectors of

prices p; € R, vectors of instruments z; € R, collection of sets of pure alternatives 1o, price

coefficient &, and vector of coeflicients B > for all j € [J]
procedure leedEffect(S X, 70, K)
(Iy, K) = Combinations(J ) > Sets of K alternatives from K sets in 7

U Jkt < Lo
forj=1,---,J;t=1,---,T do
2jz (ij"' ,ijz,th)
-1 A
e= argmln Z Zt Z‘rit JT(T ) ]t (€ IO)Z Z]TO-]T (€ IO)
return ¢
procedure Nest(S, X)
fork=1,--- ,K;t=1,---,T do
it <= Sjur Dies ee T b
return I1
function 67'(&, /) A=
é‘:jl‘ — Of0r§], = 0
solve X - iyt §it = 0 > K equations
A ~ A X Br—aipi X Br—Gp A . A
§j = Zk ekjsjkte/lk‘fjﬁxj,ﬁk akpﬁ/e/lkfjkﬁxﬂﬁk AP jyt > 8 > 0 and je J - IO
return ¢

T B rlkp,kz

/ /lk(rjkt Ju

RK xJ

There is an estimator o"1 (€4, £K) of the unique unobserved quality o (e"’ t’“). To be specific,

TA _A
/lkfjr‘*'xj,ﬁk_akp.ikl

~ ékjsze
sjt:Z Ch— )
k

e'fjkt +X_,T,ﬁk =Pt

for &, = 67 (@.;,€F) when §;, > 0. '* We rely on K equations that ZJE{J towrt 0 @0, EF) =
to get the estimates for K unknowns in &°. & is a function of e - and can be estimated by
Algorithm 2. These equations motivate us to estimate other parameters, such as the probabilities

of types, since

. T - .
eflkfjkr+xjk,ﬁk kPt

Mt = lo &+x] Br—akpir )

St DicJ et

Remarks regarding the implementation of the algorithms, including handling zero shares in two-
stage least squares (2SLS), the selection of moments for testing functional forms, and the unique-

ness of the estimates for unobserved characteristics, are provided in Appendix B.

Swithout loss of generality, we assume that the pure alternatives always have shares greater than zero.
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4.2 Statistical properties

The following assumptions address the selection of pure alternatives and the non-asymptotic

property of the preference parameters of the observed covariates.

Assumption 5. (Estimation of Pure Alternatives and Preference Parameters) (a) The coefficient
spaces B¢, A, and U are compact subsets of R4 R, and R, respectively. (b) There is a constant

Y > 0 such that mingegyer) Tre > Y. (¢) The continuous and uniformly bounded random vectors

7ii' T 7ii’
T )

are uniformly strictly positive for any pair of alternatives jand j'. (e) For the instrumental

X, are i.i.d. over market t € [T). (d) Given any alternatives j and j', the eigenvalues o
X7 T xil
T

variables, E(x,&) = 0 and E(z,&,) = 0, and the singular value of @ is uniformly strictly
positive for any pair of alternatives j and j'. (f) Given any alternatives j and j that are not pure

alternatives of the same type, there exists a positive constant c, such that

min E(E[AY s, — x) "b—ap! —u| Zjan’t]z) > cy.

a,b,u
(g) AsT — oo, hy = 0 (s =1,2) and Thihy — oo. (h)logJ = o(h1h,T), JT log2 J = o(hih,N).

We choose i, = 1.066,T~'/% (s = j, j)) where &, is the sample standard deviation of the

variable z;.

Theorem 4. (Pure Alternatives and Preference Parameters) Suppose Assumption 1 and 5 holds.

Choose the tuning parameter n = ¢ \/log(J V T)/hh,T for some cy > 0. With probability
1 —ci1(JV T) for some c;>0 and c,>0 such that

To=1,
and forany 0 < € < 2
P55 - v5|l, > €) < C1Te™@T€ 4+ ¢(J vV T) ™.

for some C>0 and C,>0.

Corollary 4.1. (Consistency of Preference Parameters) Suppose Assumption 1 and 5 holds.

Choose the tuning parameter n = ¢ \/log(.] vV T)/hih,T for some cy > 0. Then y —, v as

T — oo.

We define
E@ = & € EX V) B0 (s xio pi) | 1,51, j € 1T = To} UL(K);v*, 25, 20, & Do | = 0.
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The two moments we rely on are
~ 1 -1(5 Ko\ aTl [z 1 (5 2K (5
M@) = ) SE [0} (60108 @) ] [240! (20 10 E @)
J

and
5@ = 3 T[0! (20 Io, B @) 11, € 17~ To) UK.
J

The second one is to recover X given & while the first one is to identify &,; based on &X.

Assumption 6. (Fixed Effects, Unobserved Characteristics, and Type Probabilities) (a) &, are
conditionally independent given the observed data. (b) A unique e satisfies M(e™) = 0 and
s(e?) = 0. (c) M(-) and g(-) are twice continuously differentiable. (d) The Hessian matrices of

M(-) and ¢(-) have strictly positive minimum eigenvalues.

Theorem 5. (Fixed Effects and Unobserved Characteristics) Under Assumptions 1, 5, and 6,

choose the tuning parameter n = cg \/log(J vV T)/hih,T for some cy > 0. For any € > 0,
P(lé - "I > €) < C1e ¢ + o1(J v T) ™.
for some constant c; >0, ¢c; >0, Cy > 0and C, > 0. And
P(E; — £l > €) < C1e™ T 4 C3e™ ¢ ¢ (J v T4,

for some constants ¢y >0, c, >0, C; >0,C, > 0,C3 >0, and C4 > 0.

Theorem 6. (Probability of Types) Under Assumptions 1, 5, and 6, Choose the tuning parameter
n=co \/log(J Vv T)/hih,T for some cy > 0. for any € > 0,

A _ 2 _ 2 .
Pt — mll? > €) < Cre™ T + C3e™ ¢ + ¢ (J v T) ™.

for some constants ¢y >0, c, >0, C; >0,C, > 0,C3 >0, and Cy4 > 0.

Corollary 4.2. (Consistency of Other Parameters) Suppose Assumption I and 5 holds. Choose

the tuning parameter 1 = ¢ \/log(J V T)/hih,T for some cy > 0. Then e —, e and I —, Il as
JANT — oo.
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S Empirical Evidence

5.1 Simulation

This section evaluates the effectiveness of the two-step procedure in identifying pure alternatives,
estimating preference parameters, and determining the maximum distance to the fixed effects
and type probabilities using randomly generated data, excluding the outside option. We consider
three simulation settings: (1) the number of alternatives set to 30 and 150; (2) the number of
types set to 2, 3, and 5; and (3) nested logit with inclusive parameters from 0.4 to 0.6 and FML
models with a zero substitution pattern between types.

In setting (3), both nested logit and FML are applied to a non-overlapping structure, where
price coefficients are set to —1 across all types. Additionally, we explore the FML model with
overlapping nests, where price coefficients vary from —1 to —5 for five types. Nests for types are
constructed evenly across all cases. In detail, we assume that each type has two pure alternatives
for overlapping nests, with all other alternatives shared across types. The lambda parameter for
the Nested logit model is distributed evenly from 0.6 to 0.8. Prices for these alternatives are

drawn as uniform random variables ranging from O to 1, varying across markets.

Figure 2: Predicting Probabilities in Pure Alternative Selections
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In all simulations, we set the number of consumers in each market to N = 100,000 and the
number of markets to 7 = 500, as the probability of recovering the pure alternatives varies across
different models from our baseline of 1,000 simulations (see Figure 2). The parameter ¢y = 0.05
is selected based on prediction accuracy. We use J = 30 alternatives, with alternative-specific

fixed effects and unobserved characteristics uniformly distributed between 0 and 1, and between
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0 and 0.2. Figures 3 and 6 illustrate the nested logit and FML (without overlaps) surfaces, re-
spectively, for J/ = 30 and K = 3. We observe that when a pair of alternatives belongs to the same
nest, they satisfy the IIA property, whereas alternatives from different nests do not. Other data
generating processes (DGPs) exhibit similar patterns.

Figure 3: Polynomial surfaces and points for same vs. different nest pairs (FML)
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Table 1: Comparison of FML, Logit, and Nested Logit across different values of k

J =30
FML Nested Logit Overlapping FML
k=2 k=3 k=5 k=2 k=3 k=5 k=2 k=3 k=5
FML 1.00 1.00 1.00 1.00 1.00 1.00 (1,2) (1,2,3) (1,2,3,4,5)
Logit 0.97 0.91 0.85 1.50 1.50 1.58 1.46 1.90 2.72
Nested Logit 0.55 0.78 0.48 1.00 1.00 1.00
J =150
Non-overlapping FML Nested Logit Non-overlapping FML
k=2 k=3 k=5 k=2 k=3 k=5 k=2 k=3 k=5
FML 1.00 1.00 1.00 1.00 1.00 1.00 (1,2) (1,2,3) (1,2,3,4,5)
Logit 0.99 0.92 0.99 1.43 1.49 1.56 1.46 1.92 2.79
Nested Logit 0.36 -0.12 0.27 1.00 1.00 1.00




Table 2: Summary of second choices for EV buyers (Xing et al., 2021)

Make Model Fuel type Top 1 second choice Top 2 second choice
Honda Accord Plug In Hybrid PHEV Tesla Model S Toyota Prius

Ford C-Max Energi PHEV Toyota Prius Chevrolet Volt

Ford Fusion Plug In Hybrid PHEV Chevrolet Volt Toyota Prius Plug In
Toyota Prius Plug-in PHEV Chevrolet Volt Nissan LEAF
Chevrolet Volt PHEV Toyota Prius Nissan LEAF

Fiat 500 Electric BEV Nissan LEAF Mini Cooper
Mercedes-Benz B Class Electric BEV Nissan LEAF Ford Fusion Hybrid
Ford Focus Electric BEV Nissan LEAF Chevrolet Volt
Nissan LEAF BEV Chevrolet Volt Toyota Prius

Tesla Model S BEV Nissan LEAF Audi A7

Toyota RAV4 EV BEV Nissan LEAF Tesla Model S
Chevrolet Spark Electric BEV Nissan LEAF Chevrolet Volt
Smart fortwo electric BEV Nissan LEAF Chevrolet Volt
Mitsubushi i-MiEV BEV Nissan LEAF Ford Focus Electric
BMW 13 BEV Nissan LEAF Tesla Model S

Notes: The data summary is based on the sample of 2014 EV buyers from the MaritzCX household survey data.
The table summarizes the most popular alternative vehicle choices for the households that purchased different EV
models. Top 1 second choice indicates the most frequently reported alternative choices among the buyers of a
specific EV model. Top 2 second choice reports the second most reported alternative choices for each EV model.

Table 1 presents the preference estimates from various FML and Nested Logit models. The
columns correspond to different data-generating processes (DGPs), and the rows display the re-
spective estimators. Based on 1,000 simulations, the FML estimator produces unbiased results
across all categories. Interestingly, the Logit estimator performs well overall. However, it tends
to approximate the sample average in both the Nested Logit and Overlapping FML models. The
Nested Logit estimator is accurate only when the true underlying model is Nested Logit, even
when the nest structures are correctly specified. Additionally, the simulation results show that the

estimated consumer types are accurate.

5.2 Electric vehicle market

We get vehicle sales data from Wards Automotive from year 2010 to 2020. Since the panel is
short, we focused on the models with the smallest test statistics. We concentrated on the two types
of models, noting that results for three types yield similar conclusions. The analysis focuses on
non-overlapping structures because overlapping structures produce negative price coefficients and

wide tails in the estimates due to the data size. Table 2 also includes secondary choice data from
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Figure 4: Annual market shares of different vehicle types in the U.S.
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Xing et al. (2021), demonstrating the substitution patterns among EV consumers, particularly
favoring EVs.

From the 499 models considered, we selected the top 50 models according to their shares,
which existed for 10 years between 2011 and 2020. The pure alternatives chosen correspond to
the models with the smallest test statistics, such as Nissan Titan ICE and F-Type ICE, as well as
Chevrolet Bolt EV and Sonata PHV. Therefore, we classify the discrete into two types without
overlapping nests due to the limitation of the data set. We employ a BLP-type IV, where the only
IV is the average price of all other products, excluding the pair of alternatives. We then use linear

regression

A 5, 5
fii=Bo+fr ) e 4B ) e

ieJ; i€

and we find non-significant substitution patterns ; and 3, between two types.

6 Extension

6.1 Multiple tiers and full consideration

The multiple-tier nested logit model extends the standard nested logit framework to accommodate
more complex decision hierarchies. Alternatives are grouped into multiple levels or “tiers” of
nests, reflecting a hierarchy of choices. Each tier represents a different decision-making stage,
beginning with broad categories and progressing to more specific alternatives. For simplicity,

consider a two-tier model:

Sjr = Z Myt Z Mot S jlkats (10)

ki€[Ki] ka€[K3]

where 7, is the probability of type k; € [K;] in tier one, and 7, 1S the conditional probability

of type k, € [K>] in tier two given k;. We can then express the model as:

E Tyt § Tiolkar S jlkat = § § it S jlkat

ki€[K1] k2€[K>] k1€[K1] k2€[K2]

Z [Z ﬁ'kltﬁkzlklt] S jleot
k2€[K>]

ki€[Ki]

§ TChotS jlkats

ko€[K>]

where 7, := 3 ek, Tk Fkoiky: TEPrEsents the overall probability for type k.
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An extension of this model considers a full consideration nest, where a player evaluates all

alternatives. The expression that captures this is:

Sjr = § Tkt S jlke>

ke[K+1]

where K + 1 represents the full consideration nest. By relying on pure alternatives that occur only
in the full consideration nest, we can transform the problem back into our classical model. Before
this transformation, we assume that &, ,, is independent of £, for other pure alternatives in the

market, which allows us to identify &, ,, in the first stage. Then, observe:

St — K+t Sj|(K+1)t = Z Tkt S jlkt
kelK]
which enables identification of the model once m(k.1y5jjx+1) 15 known. Thereofere, the identifi-
cation can work as follows: determining & allows us to resolve .1y j(x+1y» and conversely,
knowing (g 1y:Sjik+1): €nables us to identify &;,. With mild assumptions, a one-to-one mapping
exists between the market-level shares and &;;. A formal argument for this result is left as future

work.

6.2 Overlapping nests with same price coefficient

Problems would occur if different nests have the same coefficients and the nests are overlapping.
Il

For example, for alternatives j and j, where 6(j) = 6(j), u,’(‘)] =,

ay, A are constants for any

k € 6(j). We still have E(A{j s|z;) = u + aE(pj; — pj:lz;) for some constants # and a. We discuss
assumptions for identifying such problematic pairs of alternatives.

Definition 2. (Theoretically Distinct Types) Two types k and k' are said to be theoretically distinct

given alternatives j and j if

max{lay — awl, [ — w ) — (e — g )l [ — l} > 0.

Definition 3. (Separating Alternatives) Two alternatives j #+ j are said to separate types if
either (a) the sets of types that consider these alternatives are different—that is, 0(j) # 6(j )—or
(b) the sets of types that consider these alternatives are the same—that is, 0(j) = 0(j )—but there
exist two types k and k' € 0(j) that are theoretically distinct given j and j. If j and j are not

separating alternatives, we call them non-separating alternatives.
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Figure 5: Non-separating (problematic) alternatives for the dependence of irrelevant alternatives
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Assumption 7. (Separating Condition) If alternatives j and j satisfies
E(A7 s,lz,) = u + allk(pj — pjilz)

for some constant a and u with almost surely, then j and j are non-separating alternatives.

Remark 6.1. There are multiple ways to interpret Assumption 7. For example, it reflects the
difference in the “cross-price elasticity”. If 6(j) # 0(j), without loss of generality, there is a
type k € 0(j), k ¢ 6(j) with a pure alternative j, € I(k) such that j, # jand ji, # j.'° The
assumption requires that the variation of z;,, on E(log s|z,) is different with z;, on E(log s 7dlze)
after controlling the different effects of z;,, on their prices. If 0(j) = 6(j), and the preference
parameters differ, the assumption asks that the “cross-price elasticity” is different conditional on

different nests.

We know that if the alternatives are non-separating, they satisfy (4). Conversely, our As-
sumption 7, which is economically reasonable, guarantees the reverse implication: if (4) holds,
then the pair of alternatives are non-separating. As the same as the argument in the Section 3,
together with the assumption of the instrumental variable, the property of the non-separating al-
ternatives ensures that if E(Ajj, silZ = z) = u+al(pj — py,lz), a = a instead of any other value
for any k € 6(j) = 6(j'). Therefore, we can also obtain information on the coefficients of the
characteristics by (4).

Building upon the identified non-separating alternatives and price coeflicients, we develop a
Vertex Hunting Method (VHM) with errors in a separate work to identify pure alternatives and
their respective "fixed effects" relative to these pure alternatives. This VHM with errors extends
the work of Ke et al. (2019), which does not consider unobserved quality. The VHM without

16The existence comes from assuming that at least two pure alternatives exist in each nest.

26



unobserved quality (see Arora et al. (2012a); Ke et al. (2019) and Appendix L.5) relies on the full
rank condition of W. We extend it with a stronger assumption than this paper accounting for noise
terms £&. We can show that under some extra assumptions, E[o~!(s its s{o, Djts pfo; aio, 1,2, i ~ti") |
z] = 0 for nonnegative é,;, nonnegative A, and random variable S,IO that E(f,l‘)lz,) = 0 if and only

if Iy = I, for any I composed by pure alternatives from different nests and &,; = e,:j .

7 Conclusion

In this paper, we have delved into the finite mixture models, emphasizing their widespread appli-
cations across various fields such as computer science, economics, and statistics. Particularly, our
focus has been on Logit Models with Finite Mixtures (FML), a category within discrete choice
models, where traditional parameter estimation methods often fall short in the presence of latent
subpopulations with unknown individual memberships. The paper introduces a three-step identi-
fication and estimation procedure for FML, leveraging a sufficient assumption of pure alternatives
within each mixture. This novel approach not only addresses the identification problem but also
aligns with sparsity assumptions in machine learning literature, demonstrating its versatility and
applicability.

Moreover, we contribute to the literature by introducing FML as a solution for enhancing topic
models in NLP and reexamining demand analysis models in the industrial organization. The
possible empirical application showcases the value of FML in providing nuanced insights that
go beyond existing models’ capabilities. Our method draws inspiration from machine learning
techniques, departing from traditional economic approaches, such as the post-LASSO method,
and emphasizing the recovery of sparse signals through clustering. This departure allows for
interpretable results, aligning with the inherent sparsity in mixtures and facilitating a clearer

understanding of the underlying structures of the data.
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A Identification with unobserved characteristics

A.1 Sufficient assumption for DIA: Dominant type

Lemma A.1. If for any pair of alternatives j and j' that are not pure alternatives of the same

type, and for any type k € 6(j) U 6(j'), there exists a sequence {Z’;’jj/} such that a type of shares
for the pair dominant:

S c S oy
Jt | <k, Jlk <k,
|ZtH - — |Z,”

Syt Stk

uniformly as t — oo, and E(pj; — pj | Zf’jj,) remains bounded as t grows. Then Assumption 3
holds.

Proof. If 6(j) # 6(j), to be specific, choose k € A(j) and k ¢ 6(j), then

S; o S kTt .
Jty ki STkt ki
12 — | 2

— 00,
Sj'[ O

Therefore, for any constant a, E(AY 5, | z,) — aE(p jt = Py | 21) = oco. This implies that E(A s, |
7)) — aE(Pjt —Dj: | z;) # u.
If 6(j) = 6(j') and there exists (k;, ky) with ay, # az,, we can choose k = k|

Si't S ks

S LS S 5 L 2
Jt o ki, Jlk1 ~ki, Up, i—Uy, 7+, =D 2 VA, (Ei—E 1 ) k1,
|Ztl ANEN |Zz] I = M i (Pjr=p 7 )+ EjE, [)lztl i

However, if we choose k = k,,

Sj[

ki Sjlka | <kasjf
| 3y - — | %
Si't Sk

Uky j= Uiy 7 + 0y (P jt —py A, (€ jt—f_,-' k,jj

=e [)lzt

Taking the log and the expectation suggests a contradiction of the constant a in AE(log s, —
log sylz) — aAE(pj; — pylz0)- |
Corollary A.1. A nested logit model with p, 1 & and &, bounded satisfies Assumption 3

Proof. The construction below exactly uses the previous remark. For a nested logit model,

5; Sit .
Jt —= o 00)
i . o) o
e ) (Zlé]g(j) e’ )

S g A
Dies, €7 Yis(Diey, €7 )"

SJt:

where 0% < 1 for k € [K] to guarantee the identification of nests.
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For j and j in different nests, set §;/0" and 6;,/c%/) to —co with rate —7. Also, set
the utility of all other elements in the nest of j to —co with the rate —7 and fix the utility of

alternatives in 6(j).

We have
° =i g 5 5;
7 . o)y St  N0)
Sj/t edtl) (ZIGJH(J./) es ) et (Ziefg(j) e’ )
Sp fi_ K %t i S K %t
! Zie] ’ et Zl:l(ZiEJ[ e ) Zielg(j) ea Zl:l(ZiGJ[ e )
o)
6./
L , St
et it gy e 7D S e
- - i)\ 5y \o U
= - ( E et /—5” ( E e
J . — K
Diicl 7)€ i€y Dietyy €7 il
o
s 1)
(Zie]g(j) e )
~ Cp — 00,

dit ,
7 _40()
(Zie]e(/) e )=

Assumption 3 reflects when all prices within a nest are very large, the nest j’ itself might still be

attractive. O

A.2 Price coefficient: Proof of Theorem 1

Lemma A.2. Under Assumptions 2 and 3, alternatives j and j' are pure alternatives of the same

type k € [K] with ay = a if and only if there exist constants u and a such that ]E(A{" Slz) =
u+ak(pj — pjftlzt).

Proof. The “only if” direction is from the definition of pure alternative. We discuss the “if”
direction. By Assumption 3, 6(j) = 6(j). Suppose that (j, /') are pure alternatives. We want to

show that « is unique. We have

E(AY slz) = w” + aB(pj - pyla)

u+aE(pj - pj/,lzt).

0 = @, identified. O

Finally, E(p;; — py |z, is not degenerate and observed, so
Theorem 1. Under assumptions 1, 2, 3, the parameter aX in the FML is identified.

Proof. Assumption 3 guarantees that if we observe E(Aj-’! siz) = u+ ak(pj, — p;,lz;) then the
preference parameters for j and j' are the same. The following lemma proves that together with
Assumption 2 if E(AY s,lz,) = u + aE(pj; — py.lz), the coefficient a; = a is identified. m|
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A.3 Sufficient assumption for full rank: Proof of remark 3.3

Lemma A.3. For type k € [K], there exists a sequence of {Zf’j } such that
% ~k,j * ~k,j
ﬂkjt | Zt T>> ﬂ'k’jt | % ’

uniformly for any k' # k. Then Assumption 4 is satisfied.

Proof. 1f
Z ekegk’ﬂ,’:jt = Z ékeg“ﬂ,tj,,
ke[K] ke[K]

we want to show that e = &. For ¢, Observe

e skl | il
E(log E exeni;, 157" ) — E(log exemy, | Z,7)
kelK)

= loge; + E(Z | ") + Edlog i}, | 27)

= log e, + E(log 7y, | Zf’jj,)
We also have

E(log Y 7 1 27) = log @y + Elog, | Z77).
ke[K]

Therefore, eX = &X. ]

A.4 Type-alternative specific fixed effects: Proof of Theorem 2

Lemma A.4. Under Assumptions 2 and 4, take a set of pure alternatives in different nests I, =
{j1,-+, jx}. For any alternative j € [J], there exists an unique vector e{‘)j = (eiol., el eﬁ?j) and
some &0 = (&1, &) where B(EX | z,) = O such that

-1 I In. K 3K I I
Elo™ (sji, 8" pjus P37, A7, €, 67) 1 2] = 0.

Proof. We start with the existence. For pure alternative jj, by definition

Ok .
e T Sju

= = )
S S 5%,
Dy, €% Diies, €4 e

Sjet = Tt

35



Then, for any alternative j, we have

_ LyGpe 5, e
e e

5kzr 6/\] t —a/kp_;kt‘*'/lkfjkt
kelK] Z’EJk ¢ kelK] kelK]
lo o L u&i—ap;
-y €y Sjue "
- MLkt — kDt )

ke[K]

By Assumption 2 we therefore have,
-1 lo . K 3K 10 —
E[O- (Sjt’st sPjts Py 5« ’/l s ) |Zt] = 0.

For the uniqueness, assume that there is éfj = (&yj," - , &) and some EIK = (Ejlt, . ,Ejk,)
such that

-1 I Iy, K 3K ~ zK
E[O- (Sjla Stoapjt’ptova ’/1 ’eoj,é:t )lzt] = O

which is equivalent to

ek] Sjue AEj—akpjs e WEipr kD jit ékje;lkfjt—akl’jt e Wi ékj eilkgjt—akpjt
Sjr = § § Tkt 7 = § Tkt =
J /lkflkr P jyt Z ZieJk e o W1 —kP it T Zie]k e e Wiy

/ll\f/krek e/lké“,r

— ki it E =€) 5k 2K _
= Z k]t Akgjkr — Z e 1t A& je—E ekjﬂ-kjt (Where E(gt | Zt) — O)
3
since 1. = 2™ by definition.
kjt Z ey 61(11‘ y

We also know that,

Iy A
N i 0 LAk jr—arpr
6. = - ]l]k(])e kjt _ Z . ek e 3 Z /l/fﬂe ﬂ
J ktz‘ ekt ke o, ek kj kit
ke[K] i€Jk ke[K] i€Jk ke[K]
By assumption 4, we must have that &,; = e, ;. i

Theorem 2. Under assumptions 1, 2, 3, and 4, the parameters {6(-), @, u"} in the FML are
identified.

Proof. Theorem 2 is based on the fact that the fixed effects of alternatives can be uniquely iden-

tified by a set of pure alternatives using conditional moment conditions by Lemma A.4. O
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A.5 Unobserved characteristics and probabilities of types: Proof of Theorem 3

Lemma A.5. Given (6(-), &%, u"), if E(&; | t, s, ,p, , , foy = Oforany] € J — Iy, then m, andgt

are unique for the known dzstrlbutzons of sj | t, s, plo &0 and pjt | t, s, plo &0 for any j e J-1,

Proof. We ignore the subscript ¢ for the simplicity of the proof since we care about the variation

within the market. First, we know that for any j € J; — {ji},

log sy —log s;, = ax(p; — pj.) + uj — uj, + 4 = &;).

This implies E(log s —log s,,1£%, s, p) = a}E(p €, s, p™)— p;, +uj—u;, + ;.. Therefore,
we can identify &;, by the other pure alternatives in the nests because all the other variables in the
equation are observed.

With a give £°, we can identify all the &;. Specifically,

1, (j)e™ Sj N i apj+A
= ) ms = ) - li(j)e = 32 oL (et

ke[K] % iesi € ke[K] kelK]

by (2). There is an &; by the intermediate value theorem, and the unobserved quality’s exponential

is monotone, so the solution is unique. m]

Theorem 3. Under assumptions 1, 2 3, and 4, additionally assume the conditional distributions
si | t, s, ,p, , , “and p; | 1, s, ,p, , , ? are known for any j € J — Iy, and E(¢j; | ¢, Sr ,pt L& oy = 0
for any j € J — I, then parameters {o"!(-), 7(-)} in the FML are identified.

Proof. By Theorem 2, we are able to identify (6(.), u, @). Then, conditional on each market with
many products, we can identify £;, by Lemma A.5. Then, the final step is to identify m,, which
is straightforward with &, identified. We plug the identified parameters into the equation of pure

alternatives,

ILJk (j)e(skjk[
ZiEJk eékir .

St = Tt

B Algorithms

B.1 Two-stage least squares

We want to explain the specific 2SLS procedure here. Before formally explaining our algorithm,

the following is the oracle case if the actual s are observed. Under the ideal case, the dependent
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variable is A’/ s,. The exogenous variables are x” and a constant term. The endogenous variable
is p//" and the instruments are z;; and z;,.

Stage 1: regress endogenous variable on instruments and exogenous variables:
pjj/ ={o+ x{j/Tgl + O+ §3Zj’; + é;.
Obtain the fitted values from this regression:
P = b+ &G+ Loz bz
Stage 2: regress the dependent variable on the fitted values and exogenous variables:
AV §; = x{j/Tﬁ + aﬁjj/ + w4 é,.
The matrix format of this 2SLS estimator:
éjs il uéjs )= ( K0T Zii(ZIIT 700y 20T %l )_1 X0 T ZII(ZIT 2 2T A

The concern is that we cannot observe s;;. We will show that after dropping some “zeros”,
the empirical shares version of the 2SLS has good non-asymptotic results close to the true pa-

rameters. In the second stage, the objective function becomes

o0

~: Ly . 1 . . o L Y
(Bjj , &'l , '’ ) = argmlnaﬁu? Z H{Sj[ A Si > 0}(A// 8§ - x]]ﬁ _ a,pj,l _ I/l)z.
t

B.2 Functional form test

For testing the correctness of the parametric regression model of a pair of alternatives, the null

hypothesis is
HY A s, —m(& )| 27 = 0, almost surely for some y = ¥,

where m(%’ , ) is a known function with y being a vector of unknown parameters in a compact

space. The alternative hypothesis is the negation of the HY | namely,
H{j : E(Ajj/ S — m(ic{j | Z{j ) # 0, with positive probability for any y.

The compactness of vy is required to ensure that the positive probability in the alternative

hypothesis is strictly greater than zero. In our specification, we define A%/ s, = x// "B + ap// +
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i +&! by setting m(%, yo) = x’ ’ "B+ap’’ +u'l . We can, therefore, base our test on the moment
IE[]E(E,”" | Z,)*] to distinguish the null and the alternative.

There are two challenges to implement the estimate of E[E(E{j, | Z,)*] by samples. The first
is that we need to estimate f (E,jj’ | Z,). The conditional expectation, therefore, includes a term
of denominator, which could approximate zero. In details, The kernel-based estimator for the

conditional expectation E(u;|X; = x) is given by

Dy uiKn(x = X;)

E in': =
WlXi =20 = S = %)

where kernel functions are crucial in several machine learning algorithms, and they typically
possess the following properties: (a)K(x,y) > 0 (b)K(x,y) = K(y, x) (c) There exists a constant
M such that K(x,y) < M for all x, y. We use the Gaussian kernel, also known as the Radial Basis

Function (RBF) kernel: K(x,y) = exp( by ”2) where o is the kernel width parameter.

Secondly, E[E(f,” | Z,)?] includes three expectation so three summations. We rely on the law
of iterated expectation to transform E(E,jj | Z,)? into E[g-‘tjj E(E{j | Z) | Z,] because E(Etjj | Z) is
a function of Z,. Then we use the law of iterated expectation again E[£/ i E( /i | Z)].

The final moment we use for the test is
® = E[E EE” | zjn 27 ) @ien 270

which restricts Z, by z;; and zy, due to the curse of dimensionality We estimate the ]E(S,jj |
Zjis L t)f (zj1»2,) by the leave -one-out kernel estimator =— Zm f, K}, where f = U8 A8y, >

5}(Af~’ 8§, — xf”,BJf — & pl - il )and Ky, ,r = h] lhzlk(%)k(%). Similar to the discussion

of the 2SLS, the sample analogue becomes

A 1 r T Zl Z'/t_Z"
o= — thlhlk’ k(- 7).
TG_Dijff ( 1><h2>

=1 7=1,z#t

B.3 Conditional GMM for fixed effects

The functional form test is designed to estimate the preference parameters. We discuss the GMM
to estimate the fixed effects. First, given the alternatives’ fixed effects and observed preferences,
we would like to recover the unobserved characteristics. We assume the error terms are inde-

pendent, allowing us to treat the unobserved characteristics of a set of pure alternatives across
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different nests as parameters. We use the moment condition that

Ela,! (8jis Xjis pjo) 11575 & Loy, A%, €2, &0, 1] = 0

Then, we can define
G~ e =& € EX L EBlo (i X pio) | 1,80, j & T — 1(k): 7, 4, 20, EF o] = 0}

and £X = &P when 7% = yK and ¢, = ef"j. Once adjusting the identified observed and unobserved
qualities, we can use the shares of the pure alternatives to predict the remaining shares perfectly.

These two components interact and are combined into the moment conditions:
2 -1 K Iy =z..K I
E[Z;07 (7 A, e &y ,e.‘}))] =0

It is easy to show that the estimate is unique by the fixed point theorem. Then, we use the

leave-one-out estimator for the moment condition:

min ), ﬁ 2. 2 &tk

jeJ o T#t

C Non-asymptotic properties for the two stage least square

We proceed to discuss the 2SLS estimates and demonstrate that the estimate is close to the Or-
acle 2SLS. With an accurate estimate, we can then apply the functional form test to check for
linearity. Our approach differs from the existing literature in that we examine all results from a
non-asymptotic perspective. A key assumption is that the utilities of the alternatives are bounded,
ensuring that the shares remain sufficiently large with high probability. Under this assumption,
the logarithmic transformation will capture certain linear properties. Here, we show that if we
can observe the actual shares and pure (non-separating) alternatives, we can estimate the prefer-
ence parameter “consistently”. Without further explanation, we might ignore the subscript of jj

for the simplicity of the argument.

Lemma C.1. Given any non-separating alternatives j and j , define Yssrs = Basrs, @asrs, UzsLs)
as estimates of the Oracle 2SLS procedure given in Appendix B. If Assumption 5 holds, then there
is vy = (Br ax, uij ) for k € [K] such that for any € > 0

-C,T 2
]P)(”’}/gsls - 711:”2 > E) < Cle 2te
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with positive constants C, and C,.

Proof. To begin with, we know that for non-separating alternatives j and j, for any k € 6())
A 5, = xz” B - CYkP{/ + uij, + /lkftjj,'
This is equivalent to
AT s = ij,y” + Akgff'.

We ignore the subscript of jj for the simplicity of the argument. The closed form 2SLS estimator,

therefore, is,
Vi = (X227 27 ZR) X" 2Z 2" 7" As.
As the common practice for the 2SLS, we have
Vi = ()?TZ(ZTZ)—IZT)?)‘1 XT2Z2)' 7T Ry + L&)
and therefore,
Yaw 7' = M(XT2Z27'Z°R) X227 2777,
By the CS inequality,
s = < AR ZZ 2712780 ol X bl 2 2 ol 2l
< Cili5 2"l

where the second inequality is from the fact that [|($X"Z(Z7Z)"'Z7X)™"||, is bounded by Lemma
F.13 and ||+ X" Z]|, is the sample average of bounded random variables. ||(+Z7Z)""||, is bounded

by the minimum eigenvalue of %ZTZ . Specifically, define
1 ./ .
M==X""Z,
T

and M € R@+Dx@+2) For each entry, we have

el

T
1 -
Miv = = > RiZi
t=1
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bounded. By the inequality of matrix norms that || M|, < ||M]|;||M||«.||M]], is bounded. Therefore,
C,isa positive constant.

We only need to deal with II%ZTf |l,, which equals to

d+2

I PEELLTEDY B X, 2 Bl
where we use [, vector norm is smaller than /; norm.
Py, ~ ik > © < PCIZZ 8l > €) < Cie 7
by Hoeffding’s inequality. |

Lemma C.2. Given alternatives (j, j) € [J] with bounded utilities such that }% < sjp < % and

h7° < sy, < %, define 3 = (B, &, it) as estimates of the 2SLS procedure given in Algorithm 1. If
J=0(N), 6 < ;—Oj and Assumption 5 holds, then with y5 , := (Bags, @25, Uags) , for any 0 < e < 2

Y —CoNeé*/Jlog? J —C,N/J
P(||VM_V§SLS||2>€)<C1T(6 2Ne”/Jlog + e C2 /)

with positive constants Cy and C,.

Proof. In the following argument, we ignore jj for the simplicity of the statement. In reality, we

optimize the objective function,
0r(y") = % Z 1{8; A 8 > ONAS, — X8 — @5y — )’
By contrast, under the Oracle case, ideally, we would like to optimize,
1 A 2

0r(y") = Z(As, — xB— ap — ).
The matrix format of this objective function is

0r(y") = %(As — Xy") " Pz(As — Xy")
where P; is the projection matrix onto the space spanned by the instruments Z:

P, =2(Z"72)'7".
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‘We concentrate on the event

{0r(¥) = Or(vay,) > €}

because it can bound 3" — 7 .
By definition of the minimization problem, we notice QT(?“) < QAT(ygsls) and Qr(y5,,) <
Or(¥"). Since

0r(3") = Or(#) + 0r(3") < Or(¥5y) = Cr(¥ay) + Cr(¥ayy):
we have
0r(3") = Qr(¥sy) < Or(#) = Or(#") + Or(¥aq) = Or(¥sg,)-
Moreover, since Qr(3*) — Qr(¥5,,,) = 0, we derive the bound
10r(7") = Qr(¥ag )l < 10r(3") = (3N +10r (V) = Or(Fa )l
By Lemma F.28 forany 0 < € < 2,

P(sup |Qr(y") — Or(y")| > €) < C1T (e CNE110g T | =CoN}Tlog? /)
ytl

with positive constants C,, and C,. Therefore, we derive

A (ou N7 A u u ~ —-CyNe?/J log? -C og?
P(Or(#) = Or(¥)| +10r(vs ) = Qr(Ys )l > €) < C\T(e” NI 4 =GN loen ]y
by the union bound. C;, and C, are positive constants. It suggests that

PAOr(7") - QT('}’;SIS)l >€) < ClT(eféstz/”ngJ + efc_zN/Jlogz J)'
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Then we can bound |9 — y5¢, ¢ [l> by

107 (") — Or(¥as15) = %KAS - X9 Py(As — X3") — (As - X?’ZSLS)TPZ(AS - XygSLS)l
= %|ASTPZAS —2AsTP X" + 9T X P XY
— (As"PzAs - 2ASTPZX735LS + Yas1s TXTPZXVgSLS)l
= %leSTPZX(ygSLS - 77”) + ?MTXTPZX?M - y;SLS TXTPZX%SLS'
= AT PR s~ )
+ (0" = Vasis + Vasis) X P2 X" = Vasis + Vasis) = Vasis ' X PaXVis sl
= %|2ASTPZX(7§SLS -V + 3" - ygSLS )TXTPZX@’M - ygSLS)
+ 29555 X P2X3" = a5 9l

> G3|l7" = ¥as5lls

where C3 > 0 is a constant. The last inequality is from the CS inequality and the boundness of

the eigenvalues. Therefore, we obtain

Y —CoNeé*/Jlog? J —CN/J
PAIP* = va515ll > €) < C1T(e™? €llogh Ty g CaNITy

with positive constants C and Cj. |

Lemma C.3. Given any non-separating alternatives j and j define 3" = (B, &, it) as estimates of
the 2SLS procedure given in Algorithm 1. If J = o(N), 6 < 55 and Assumption 5 holds, then with
V= (B, a,u), forany ) < e <2

A _ 2 2 _ ~ _QA 2
P(”,yu _,yu”2 > E) < ClT(e CyNe“/Jlog” J +e CzN/J) + Cle CrTe

with positive constants C;, C,, Cy, and C.
Proof. This comes directly from the union bound. O

This Lemma contains three errors: first, in the quadratic approximation of the logarithm of
empirical shares to actual shares when empirical shares are bounded; second, when the logarith-

mic share approaches zero; and third, in the errors arising from the Oracle 2SLS estimator.
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D Selection of pure alternatives

In this section, we discuss the statistical guarantees of choosing non-separating alternatives. Our

proof is new in that we check the non-asymptotic properties of these nonparametric tests.

The following lemmas analyze the convergence of observed tests under the null and alterna-

tive. To simplify, we drop jj’. Consider the leave-one-out kernel estimator:

b = T(T_I)Z Z &&:K

t=1 7=1,7#t

where & = 1{8, A §, > S}(A3, — x] B — &/ p, — @), and K = hy'hy 'k (2555 ) ke (L2L2).

hy
We compare this to the Oracle test:

/\ L L ALA
T(T—l Z Z é:‘T'K/’l,tTa

t=1 t=1,7#t

where & = As, — x/ 3 — ap, — i.

The distance between
180 A Spe > OYU{Sje A §jre > OWAS, — X[ B — &p, — 1)(AS, — x] B — &pr — )Kjie
and
(As; = x] B = ap, — ) (As: — x] B — &pr — DK r
has two components:

Hy =148, ASpi A Sjr A §jre > S} [(Aﬁt — X B - ap, — )(AS; — x] B — &p- — it)
— (As; = x]B = &p, — )(As. = x]B = épr — )| Kpse,

and

Hy = 148, A S0 A 8je A §je < S)(As, — X B — &p, — 2)(As, — X B — &p; — 1)Ky

The following two lemmas help investigate this first part H;.

(11)

(12)

Lemma D.1. Given alternatives (j, j) € [J] and markets (t,7) € [T] with bounded utilities such
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that h—JO < sy < % withanyi € {j, j}and 1 € {t, T}, forany 0 < € < 2
PIAS = As)(Ase = X = Gpe — )] > €] < Cy(e” NN 4 g CaN)

where Cy and C, are positive constants.

Proof. We have

(A, — As)(As: — x.8 — &p. — )] < Cy log J|AS, — As,|

2
7
h, represents for the upper bound of the utility. There exists positive C; such that [As, — x,3 —

since x., p,,,@, @, and i are bounded. |AS,| = |log s;- —log s, | < |log s;|+[logs; .| < where

ap, — i < Clog J.

Moreover, since
|AS; — Asy| < |log §;, —log 5| + |log §7, —log sl
we can base our concentration inequality on
P[I(A3, — As))(As, — X3 — ap, — )] > €] < P[C, log J|log §;; — log s > %e]
by the union bound. Then, we rely on the Lemma F.21
Pllog §;; — log s;,| > TjogJ] < Cy(eCNEog T 4 p=CaNITy
Therefore,

PI(AS, — As)(As; — X — &p. — )] > €] < (e CNEWIET 4 =Ny

O

Lemma D.2. Given alternatives (j, j) € [J] and markets (t,7) € [T] with bounded utilities such

thath—J0 < sy < %withanyie {j,jYandl e {t, 1}, forany0 < e <2

P[I(AS, — As)(AS; = Asp)| > €] < Cy(e” NIy o=CaNI),
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Proof. Decompose

PLI(AS, — As)(AS; — Aso)l > €] =P[I(AS; — As;)(AS, — Aso)| > €| 8§;c A Sy > %]P(S’J-T NSy > %})

H,
PI(AS, = As)(AS, = Asol > €] 80 A §0 < TPy A dye < 7).
Hy
For H,,
Hy < P[[(AS; — As)(AS; — As)l > €| 8o NSy > 2_J]
~ . PO Co
< P[Cylog JIAS, — As,| > €| §jz NSy > E]
P[C, log JIAS, — As,| > -
< M€, log JIAS, ffl I < PG, log J1AS, - Asi| > €]
P(Sje A S7e > 35
We therefore have H; < C;(e C2N€//1og™/ 4 g=CaNITy,
For H,,
A A C ~ -C
P(Sje A 8y, < ﬁ) < Cye N
by Lemma F.20 and the union bound. Therefore we have
P[I(AS, — As)(AS; = Asp)| > €] < Cy(e”CNEIIE Ty o=CaNI),
for some positive constant C; and C5. O

Lemma D.3. Given alternatives (j, j') € [J] with bounded utilities such that ® < s; < % with
anyi€{j,jYandt € [T], forany0 <e <2

T T
T(T — > Z 18, A §7, > OV USje A §70 > SNAS, — X[ B — ap, — )(AS; — X B — &pr — WKy

t=1 v=1,7#t
— (As; = x] B = ap, — )(As, — x] 3 — &p. — 1)Kj | > €]

B 2,22 2 B
< C1T2(e CoNhihye”/Jlog™ J +e CzN/J)

where Cy and C, are positive constants.
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T(T -DE A
T T
T(T - Z > (A8 = As,+ As, = x[B - ap, — i) (AS = As; + As, — x] B — ép, — t) Kyir
t=1 =1,7#t
T T
T(T " Z Z [(AS, — As, + As, — X] B — &p, — 0)(AS; — As; + Asy — X1 3 — &p, — 1)
t=1 1=1,1#t

+ (A, = As)(As = XTB = ap, — ) + (A8, = As)(As, — x] B — ap; — )
+ (A§t - AS[)(A§T - Asr)]Kh 1T

T(T I)Z Z [(A§, — x] B — @p, — 1) (AS, — x] B — &p, — i)

t=1 7=1,1#t
+ (AS; — As)(As, — x/ B — ap, — ) + (A§, — As,)(As, — x] B — ap, — )
+ (A§t - Asl)(A§T - As‘r)]Kh,t‘r-

where K, = h'h; 1k(%)k(q’;%). Therefore we have

T T
— Z Z {85 A S, > Y185 A 871 > SH(AS, — X[ B — ap; — WY(AS, — xIB — & pr — DK

t=1 7=1,7#t

T(T
— (As; = X B — &p, — 0)(As; — x] B — &p. — D)K.l > €]

T
S T(T 1) Z Z | (AS[ x[ﬁ a/p, - u)(AST - X ﬁ ap_r — I/l)

t=1 t=1,7#t
— (As; — x/ B — ap, — ) (As, — x] 8 — ap, — 0)1K)1| > €]
S TPPUAS, — X/ B = ap, — )(AS: — x] B — ap. — )
— (As; = X B — &p, — i)(As. — x]B— &p, — )]Kpel > €]
< T*P[|(AS, — x] B — ap, — 0)(AS, — x] B — ap. — )
— (As, — x| B — ap, — ti)(As; — x] 8 — @p; — )| > hihe]
< T*P[|(AS; — As)(As, — x] B — ap, — i) + (AS, — As;)(As, — X B — ap, — it)
+ (A8, — As)(AS; — Asp)| > hyhae]
< C1T2( e—czNh§h§e2/Jlog21 + e—CzN/J)

where the first approximated inequality is from the union bound. The first inequality is from the

kernel function, which is bounded. The second inequality is from the argument above, and the
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final inequality is from the Lemmas. O

Lemma D.4. Given alternatives (j, j) € [J] and markets (t,7) € [T] with bounded utilities such

that h—JO < 85y < h—J‘ with any i € {j,j} and | € {t, 7}, assume 0 < § < é’—(} and J = o(N). For any

e>0

T T
1 Z Z f h e A as 5 A . A A .
P[m |]]_{Sj[ A Sit A S jr A St < 6}(AS[ - X;rﬁ —ap; — u)(AST - X;rﬁ —apr — M)Kh,tTl > €]

t=1 v=1,7#t
<CT?e N
ho

and §; A Sy NS NSy > 55

ho

Proof. We condition on the event §;; A §7, A Sz NSy < 55

P(1{8; A8y, A Sje A Spp < OHAS, — x, B — &p, — D) (As, — x] 8 — &pr — DKl > €)

= P(L{8), A 87, A §j A Sy < 8YAs, — X B—ap, — )

JT =

A ho ]’l()
T A N N N A N A N A A
X (Asy = x; B = apr — WKpsel > €18 NSy ANSje NSy < ﬁ)P(sﬂ NSy NSje NSy < ﬂ)
+ P18 A8y, ASje NSy < OY(As, — x/B—ap, — )
A A n R R R n R h() (s R N N I’l()
X (Ase —x, p—ap; =Kl > €8 NSy ANSje NSy > Z) e NSy ANSje NSy > E)
=P(L{8; A Sy, A Sjx A3y < OHAs, — X/ B — ap, — i)

jr=

A ~ ~ ~ ~ ~ A ho ~ ~ N ~ O
X (As; — x] = ap, — 1)K | > €| Sp NSy NS NSy < ﬂ)P(sﬂ NSy NS ANSjp < E)

hy >
A aoa A a —B2N/8c1]
<SPG A8y NS NSy < ﬁ) < e oNTB

where the second equality is from ¢ < é’—g and the last inequality is by Lemma F.20. O

Lemma D.5. Given alternatives (j, j) € [J] and markets (t,7) € [T] with bounded utilities such
that h—JO < sy < h7‘ with any i € {J, j/} andl € {t, 1}, for any € > 0

A A 272 2 2
P[lq) _ @*l > 6] S CITZ(e—CzNh1h26 /Jlog J + e—CzN/J)

Proof. The proof is directly from the union bound with Lemma D.3 and Lemma D.4. O

Then, we bound ®* for both the null and alternative hypotheses:

R 1 L 4 A A Zit — Zj Zint— 2y
b= —— X :h-lh-lk( ’ ”)k( : ”),
T(T—l);T;# (e hy h h,

where & = As, — x 8 — ap, — i.
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Under the null hypothesis:

(i)* T = ])Z Z fté‘:tKht‘r_ T(T 7) Z 12T¢Z§IXTKhtT

t=1 t=1,7#t =1 1=

T(T -y)" Z Z XX Ky (V" = 9",

t=1 1=1,7#t

where As, = XTy" + &,.
We will show that the test converges to zero exponentially under the null, with the tail bound

—rM/¢ where r(T)/€ is the rate of convergence. The first term is a U-statistic with

satisfying e
mean zero, and the second and third terms are bounded by (3" — ¥") whose rates have been
discussed in the lemmas above.

On the other hand, under the alternative hypothesis:

T T
(/I\)>‘< = T(T_l)z Z §[+g(Zﬂ,ij) E(Xt')/ |ZI[’ZJ[):|

t=1 =1,7#t

X [f‘r + g(Zj‘r’ Zj"r) - E(;C ’)7” | Zj‘ra Zj"r)] Kh 1T

2
— T(T D 7 —7”) Z Z ‘fr + g(th,Z/ )~ E(xt ’y | Zjs 2y [)] XTK/’ltT
t=1 t=1,1#t
1 T T
YT Y D 2 B2 0BG | 2e i) Kine 9 = 7,

t=1 t=1,7#t

where As, = g(%) + & and g(z it 2pe) = E(As; | 2j1, 27¢). We aim to show that this converges to:

_ 2
E {[E(Ast | Zjr, 2jr1) — E(X v | th,Zj't)] f(ij,Zj'z)} = Cy,

where ¢, is a positive constant. The parameter y* ensures that the 2SLS still converges, and a
tuning parameter between zero and a constant can distinguish separating from non-separating
alternatives.

The following lemmas focus on the tail bounds for the null hypothesis, starting with the

Oracle case and proceeding to the formal test.

Lemma D.6. Under the null hypothesis—that is, for non-separating alternatives j and j with
bounded utilities such that h7° < 8 < h—I‘ with any i € {j, j'} and t € [T]— define 3" = (B, &, it) as
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estimates of the 2SLS procedure given in Algorithm 1. If J = o(N) and § < 55 for any 0 < € < 1
P(l(i)*| > E) < ClT(e—CzhlthEZ/Jlong + e_C2N/J) + Cle—ézhlhzTE2.

Proof. We use the equality:

d" = T(T )Z Z && K e — T(T -7 Z lz;#fzxrl(hzr

t=1 t=1,7#t t=1 1=
H, H>
-y)" %%, K (3" = 9"
T(T ;TZ‘;Z#I
Hj

For the H;, noticing that it is a U-statistic, we can directly use Lemma F.12, which is an

application of Heoffding’s decomposition and characteristic function. We also have

—Z./

2]

— Zj'T

Zﬂ Ljr

—Z./T _ B Z _Z.T Z./
Yk( ”h L0 = by hy " ELEE (L) ”h
2 1 2

Z T Z',
= Wy EAEE, k(T (2L P
1 2

ZIT

jrag St T A
)k( W E[EEr | 21, 21}
2

E[&é:hy by k(

) |z, 21}

= hy'h; Efk(L

hy
=0,

where the second equality uses the law of iterated expectation. The last equality is from the

exclusion restriction. Therefore,

7.2 2.2 72 2, 4p-1p-1 72 =1, 411
P(lHll > 6) < e Te”/(4ko™+5kMe) <e Te /(8o +3h " hy €) <e Te*/(8kihy hy +3h] hy €)

< e—Te LGS sy e < e—CzThlhgez
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where the first inequality is from k = 2. Also,

AT
I )]

Z]t Zj‘r ]I Z_]T
)k(
1 h2
it = Zjr 0, Xt
k= (
hy ) h,

= hIZhEZ fff f(th’ Zj’t)f(ZjT’ Zj’r)o'z(zjt, Zj’t)O-Q(ZjTa Zjrr)

< Zjr Zjr
]lh J )kQ.( ] thz J )dZﬂdZ]/tdZﬂ-dZ]'T

= ]’lflhgl fff f(ij, Zj’z)f(th + hll/l,Zj't + hZV)O'z(th,Zj't)O'z(th + hu, Zjr t hyv)
X k* (u) k* (v) dz;:dz . dudv

= hflhgl fff f@jr, Zj’t)o-z(zjt’ Zj’t)[f(zjta Zj't)O'Z(th, Zjrt)

2
(o
(th, Zj t)o- (Z]t’ Zj l) + f(zjta Zj t) (Z]l" Zj t)) h]l/t

Z]t Z]T Zj't
Ik(

o = El&&:h7 1y k(

E{E[¢,£:h7 ' k(

2
) | ij,Zj'z,er,er] }

— 2,
= E{h72h32k( VELEE | 2ji> Zjis 2o Zel)

X k*(

of
+(6z
%) 0'2
+ ((9 f (tha Zj [)0' (Zjl‘7 Z] t) + f(Zjl7 Z] t) (th’ Zj t)) th
Zj't Z/t

+%(82f~ 3 ) P

_2(th, 2o (Zj 250 + f (@, Zj’t)_2
8zit azjt

~ = 2.2
(th, Zj’t)] hiu

(& 0*c?
+ = Zf(th’Z]t)U' @j-2jr0) + [ (@Zjs 7)) = Zjis Zjr1) h V2
2\oz; 9z,

J't

82f o Po*r
+ (W(Zﬁ, 2002 2i0) + [(@ns Zj’t)m(zjta Zj’t)) hlhzuv]

X kK2 (u)k*(v) dudvdzjdz,

by change of variables that z;; = z; + hju and z;. = zj; + hpv. The sixth inequality is from the

Taylor expansion. Zj, lies between zj, and z;;, with Z;, between z, and z;,. This can be further
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expressed as:

o’ =n'n' fff @t 20T (Zjes 21

2 620.2
f(Z]l‘7Z] t)o- (th,zj t) +O+O+ E(a f(Z]t’Zj t)o- (Zjl‘?zj l‘)+f(zjl?zj t) 0z (Z]lazj l))
jt Jt
1(*f _ ’o?
+ = _zf(th,Zj't)O'z(th,Zj’t)+f(ijaZj’z)—2 (ZjeZj1) hivz
219z, 0z,

62f 820'2 2 2
+ —(th, Zj 1)0' (th’ 2y ) + f(th, Zj )T (tha Zj ) | hihouy |k~ (u)k=(v) dZJtdZJ dudv
]ta Zjt a Jl‘a Zjt

_wwiﬁﬁﬂmﬂ%mmmmUWM%ww
+ h; ffff —(@jes 2) T (Zj1s 2j71)

X [6 {(Zﬂ, Zj z)o- (tha Zj t) + f(ZJI’Z] ’)

+ hy 1]’12 fff f(Z/t,Z/t)O- (Z/taZ/t)
2 2

[(9 ‘Zf(zjt’zj I)O- (Zjhzj t) +f(Z]taZJ t)a

2 2

af@m@ﬂfﬁmﬁwwwwmqt
74
Jt

G2y ,)) (K (v)dudvdz ;idz i,

] 't

>’ f ~ 2 &a’ 2 2
ﬂff (th’ Zj’[)o- (Zj[, Zj’[) + f(zjta Z] ’)8 a (Z]t’ Zj l) ’/tk (Lt)vk (V)dudVdZ];dZ] 't
ZjtO ¢

0z2;:0zZj,
Shih!

where we also use the CS inequality that f Kuwdu < [ f k(w)du]* = 1, f uk*(u)du = 0 by
k(u) = k(—u). We cannot take the integral of (u, v) out since the second derivatives depend on z
and (u,v).

Then, we discuss H,. First of all, we notice

Z Z'T <7 _Z"T _ _ Z_ZT Vers _Z'/T
T T2 = by g Bl ek (=L (L
hy hy hy hy

IR it — Zjr it~ Zjr
= 1y BABLE k(<= | 2 ]}
1 2

—Zjr, Lt T %)t
k E Ty AT
I Mk( hy ELE | 215 20, X1}

EL€xchy " hy ' k(

)]

= B Bk

=0.
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We can also get

—Cy»Thihn€?
Mz T(T 1) Z Z EX Kl > €) < Cype 22 M2

t=1 v=1,7#t

by the same way as H;. Therefore, H, has

PUG" =) = 1)2 Z £ %Kizl > €]

t=1 v=1,7#t
< IP) - TK1 T
<P~y ||2||T(T P TIZ‘f’x niell > €)
T T
<P(5* - ¥'lb > Ve )+1P>(||T(T 52 Z &% Kl > V)
t=1 7=1,7#t
T T
sP<||?“—y“||z>e>+P<nT(T 52, 2 Gl > ©
t=1 t=1,7#t

_ 2 2 _ _ 2 _ ~ _A 2
< C]T(e CoNe~/Jlog” J +e C2N/J) + Cle CrTe +e CzN/J) + C1€ CrThihye

- 2 2 _ ~ A )
<CT(e CyNe”/Jlog™ J +e CzN/J) +Cie CoThihye

where the first inequality is from the CS inequality. The second inequality is from the union
bound and the third is from € < 1. The forth inequality is directly based on Lemma C.3.

Finally, we focus on Hj:

T T
1 Al u ~ ~ AUl u _ _ ~ll u
T =D 2 B K =yl S A I - 1

t=1 7=1,7#t

We get

=1 -1y10u u [u u €
P(Hs| > €) < P(kohi ' B3 15 = y"I2 > €) = P — "> > )

R [hih, _ 2 2 _ ~ _F 2
< IP)(")/M _ ,yu||2 > p E) < C]T(e CohihaNe”[Jlog” J +e CQN/J) + Cle CohihTe
2

by e < 1.

In conclusion, for any 0 < € < 1 we obtain the bound:

N 2 2 ~ ~ 2
P(lq)*l > E) < CIT(e—CzhlthE /Jlog”J + e—CzN/J) + Cle—CzhlhzTE .
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O

The rate here is different from the previous lemma in /A, because the previous lemma did

not have a mean zero.

Lemma D.7. Under the null hypothesis—that is, for non-separating alternatives j and j with
bounded utilities such that }? < 8§ < h—Jl with any i € {j, j'} and t € [T1— define 3" = (B, &, it) as
estimates of the 2SLS procedure given in Algorithm 1. If J = o(N) and § < 55 for any 0 < € < 1

A 272 2 2 ~ ~ 2
IP)(lq)l > E) < CITZ(e—Czh]the /Jlog~J + e—CzN/J) + Cle—C2h1hzT€ ]

Proof. This comes from the union bound. O

This lemma focuses on the tail bound for the alternative hypothesis. While we could still
apply Bernstein’s inequality, it is unnecessary here, as the rate for the alternative does not need

to be strict to achieve rate consistency. However, we need to expand it more to check the

Lemma D.8. Under the alternative hypothesis—that is, for separating alternatives j and j with
bounded utilities such that % < sy < h—Jl with any i € {j, j} and t € [T1— define 3" = ([AS’, a, i) as
estimates of the 2SLS procedure given in Algorithm 1. If J = o(N) and 6 < 55 for any 0 < € < 1
then there exists O(h}) and O(h3) such that

P(1" - B[ 27) = EGT Y | 2j0n 27 ) f @ 27} = O = O3] > )

~ A 32725 2
< Cle—Czhlhsz )

Proof.
1 T T
o = —T(T - Z Z (& + g(zji, ijt) - ]E()Nc;rfukjt, Zj’t)] (& + 8(2jes Zj'r) — E(X:);ulzjﬁ Zj’r)]Kh,tr
t=1 t=1,7#t
2 T T
- T(T - 1)(/)\” a )7”)1— Z Z [é:t + g(th, ZJ'/f) - E()’é:—’)ﬁtlzﬁ, Zj’t)]jéTKh,l‘T
( t=1 t=1,7#t
1 T T
+ T(T - 1)6\/'4 7" Z Z E(%, | ij,Zj’;)E(fC: | Zjes 27 ) K (V" — %)
t=1 t=1,7#t

We focus on the first part

1

T T
= m Z Z [& + 8(Zjnzy,) — E(X;T);”th, Zj't)][g‘r +8(Zjr, 270) — ]E(f:f”kjn 27 ) Knse-

t=1 r=1,7#t

Ur
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It is a U-statistic, therefore, by the Lemma F.11 of Hoeffding:
P(U; —E(Uy)| > €) < Cp e C12Thhe,
We calculate the expectation

E(U,) = EI& + g(zjn. 27) = B(GX Y"|zjt. 27 DI [Er + 8(2jer 277 0) = BAR V¥ 2 e 2 ) Kinr
= E{[8(@jr 270) — BGE Y \2jr 27 D820 2 0) — B V(2505 2 )] K}

by the law of iterated expectation and the exclusion restriction. Specifically, we want to check
h;‘hg‘E{[g@ﬁ, 20 =BG | 2 zp0)]

- Zjt — <jr it — X
X [g(Zj‘ra Zj"r) - E(X::,yu | Zjts Zj’.,-)]k s / k ! /
hl hz

= hI]hgl fff f(th’Zj’;)f(ZjnZj’T)[g(th,Zj’z) - E(i:f" | th,Zj’z)]
Zjr — Zjr

hy

; 27— e
X [g(zjrs 27 2) — E(E] ¥ Iz;r,Zj’T)]k( )k( = hz . )dzjrdzj’tdzjrdzfr

= fff F @2y ) @je + s 2, + ov)[8(Zjis 27,) = B Y | 2jen 2]
X [8(zj + hu, 2y, + hov) — E(X 9" | 2jo + au, 27, + hov) [k(-w)k(—v)dudvdz,dz ;,
= fff f(ij’ Zj,l)f(zjt + hlua Zj/t + hzv)[g(zjb Zj'[) - ]E(-’x“:;—,);u | th9 Z]'[)]

X [g(zje + hu, zy, + hyv) — E( v* | zjs + hu, 21 + hov) [k(Wk(Wdudvdzdz

where the first equality is by definition. The second equality is from the change of the variable
that z;; = z; + hyu and zy, = z;, + hpv (hy and hy disappear because of it). In order to show
that it is close to E{[E(As; | zji,z;7,) — E(fcff“lzj,,zjf,)]z f(zji»z7,)}, we use second-order Taylor
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expansion to transform the model around z;; and z;,. We further simplify this equation to

fff F @iz f(z,z,z, o) e of (zﬂ,z, Dhiu to f (zﬂ,zJ Dhav

o f 2,2 L ’f 1 (92f
2 a 2 (Z]t’ Zj [)h azjlazj,t(Z][, Zj [)h thV + = 20Z2

o
Jt

2.2
@2y )3V

X [g(z,,-z, 20 —EGE v | 2, z;,)]

&;%(ij,Zj’z)hzv
Jt
10 &g | 8%
C8 Zn 2 W + —2—(Z 0%y Dhihguy + = —5-(2,,,7 1 Y2V
282 J LT aﬂa Jir %'t 206 i’t Ji> < j /702

6E(XT)/ | Zj, Zj’[) 6E(5€:77u | Zﬂ’zj,f)
h]l/t - h
aZj't

ag
X [g(z,,-f,zj',) + @(th,z,-',)hlu +

~E& " | zjin27,) = 2V

(9zj,
VPEEY | 202y , 5 FPEGEY | ZnZy)
) 2 hiu 1hauv
2 0z, 92,1027,

1 azE(fcIf” | Zj[, Zj't)
2 072,

Jt

13V [k(k(u) dzji dzp du dv.

Then, we want to reorder the term for further analysis. Before that, we define

f = f(th’ Zj't)
8= g(tha Zj't) - E(;CtT');u | Zjts Zj’t)-

Also define
o 0
fr= %(Zm Zy o + &—{(thazj’t)hﬂ
J 7t
1f . o) o’f . LOF o o 2y
2 P 2 — @ 2y dhu” + m(zﬁazﬂ)hlhﬂv + Eg(zﬁ’zj’r)hzv ’

jt
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and

_ 0g dg
g = %(th’zj"z)hlu + @(th,zj';)hzv
162 g . 16%g .
2 P 2 (Z/I,Z] Dhiu* + m(zﬁ,zj't)hlhzuv + Eﬁ(zﬂ,z;t)hivz
JIYS )t j’t
_ 3E(XT)’“ | Zjhzj/z)h L OE(E " | zjis 21 ,) §
0Z]t : 6th 2

1PEGTY 1 202 , o OPEEY | 2027, 1 PV | 20270

- = > = uy — = ) hyv?
2 azj : 020z, 2 azj,t

With these notations, the equation inside the integral that we are interested in is

fe(f+fHeg+gH) =g+ ffieg+gh
=P8+ feg" + ffg + ffreg’,

on which we want to show that f2gg* + ff*g*> + ff*gg* is small, because
f f f f f2g2k(1/l)k(V)dudVdetde’t = f f fngde[de’t
= E{[g(zj,, Zj’,) - ]E(X,Tf” | Zjts Zj’z)]zf(zjn Zj’t)}

where the first equality is from f f k(w)k(v)dudy = 1.
Then, for the second part,

fff fzgg+dudvdzj,dzjft
fff f (th9 Jt)[g(zjt, ]t) E(Xty |th, ]t)]

><[ (zﬁ, Zyhiu + (Z,t, Zy hav

0z 8z,,
62 2 82g _
28 2 (th,ZJ ;)hlu + W(Zﬂ,z] Dhihauy + — 6 2 (th,Zj';)hgvz
J
_ 5E(xf Yl zjt,z,-'t)h . OE(x] v | zjt,z,-'t)h )
aZ][ ! aZj't 2
azE( 7 |Z_]t7 J t) 22 82E(5C’;|—;)7M | Zjl’ Zj'l‘) az]E’(x 7 | ZII’Z] t) 2 2
- = hju” — 1thouy — — 5
2 GZZ 6Z ‘taz 7t 2 (92
jt J J J t

X k(wk(v)dudvdz;dz
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which can be simplified by the property of the kernel:

f f f fggtdudvdzdz;,
) fff P 208G 270 = EGEY 1 2 27)]
2 2

16°g _ &Pg 1 8% _ _
x[0+0+ Eﬁ(zﬁ,zjf,)hfuz + W(zﬁ,zj/t)hlhzuv + Ey(zﬁ, zj»t)hﬁvz
it j 17
_OEGEy" | ij,zj't)h . OE(F y" | th,Zj't)h )
0th ! aZj’t 2

1 PEE Y | ZinZf) 5 5 OPEE y" | Zits 21 1 PE(Z] " | ZiZ71) 5 5

_5 62 u - Fr 121/{\)—5 62 hZV]
th Zjt03 Z‘]Jr

X k(wk(v)dudvdz;dz
= O(h2) + O(h3).

where O(h,h;) disappears because the geometric mean is less than or equal to the arithmetic
mean.

By the similar argument we have,

f f f f [ g dudvdz;dz;, = O(hy) + O(h3)

and

f f f ffrggtdudvdz;dzy, = O(hy) + O(h3)

Therefore, we conclude that
h]‘lh;lE{[g(zﬁ,zm —EGE Y | zjnn 27)]
T = Zjt — Zjr it —Zi¢
X [8(zjrs 277) = EGIV | 2, z,ff)]k( L p d )k( d fh d ) }
1 2
= B{[8(zjnn270) — B | 2j0 27 ) fzjin )} + OD) + O(h3)
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Lemma D.9. Under the alternative hypothesis,

P(1D - B{[g(zjn27) = BGE V" | 2027 ) fzjin270)] — O] = O(h3)| > €)

_ 272 2 2 _ ~ _A2p27 2
< Csz(e Crhih;Ne”/Jlog™ J +e CzN/J) + Cle Cohih;Te )

The problem is to choose the tuning parameters to separate the nulls from the alternatives.
We use a theorem to conclude our arguments for selecting non-separating alternatives. Moreover,
if the non-separating alternatives are well chosen, we can determine the preference parameters
estimated by the 2SLS.

We rely on the two lemmas that for the null:
P(|qA)| > €) < Csz(e—czhljthez/JlogZ I 4 e CNITy 4 Cwle—(f“zhlhzTez,
and for the alternative:

P(ID - B{[g(zn270) = BE 7" | 2027 )] F@jin 27} = Oh}) = O)| > €)

_ 272 2 2 _ ~ 23272
< Csz(e Crhih;Ne~[Jlog™ J +e CzN/J) + Cle CohihsTe )

Lemma D.10. Assume logJ = o(h1h,T), JT log2 J/hihy, = o(N), and hih, = o(l). Under the
null hypothesis,

P(®| < colog(J V T)/hhyT) > 1 — ¢ (J V T)™,

and under the alternative hypothesis,

P(®| > co ylog(J V T)/hih,T) > 1 — ¢ (J V T)™
for some absolute constant ¢y > 0, ¢c; > 0, and c; > 2.

Proof. We begin with the null hypothesis:

A 212 2 2 ~ A~ 2
]P)(lq)| > 6) < C1T2(6—C2h1h2N6 /Jlog”J + e—CzN/J) + Cle—CzhlhzTe

212 272 2 _ 2 ~  _F& 2
< C1T2(6 CzhthJTlog Je [hihyJlog” J +e C2JT log J/hlhzf) + Cle CrhhTe

_ 2 _ 2 ~ _Q& 2
< C1T2(€ Coh 1 Te +e C>T log J/hlhz) + C]e CohhyTe )
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Therefore,

]P)(lc'I\)l > co \/log(.] vV T)/hthT) < Csz(e_C%CZ log(JVT) + e—CleOg2 J/hlhz) + Cﬂle—cgéz log(JVT)
< C1T2( e—cgcz log(VT) 4 ,=E0Ca logz(JVT)) + Cl e—cgéz log(JVT)
C,\T? C,\T? G
= 2o, T 0Cz log(JVT + 2
(JVT)aC  (JV T)@IeVD = (g y 7)ice
leT2 Z’Cl T2 CNvl
- 2C. + 2C + 2C
0 0 0
(JVv T2 (JvT)a+2  (JvV T
< cl,l(J \Y T)_z

1
Cy*®

For the alternative hypothesis,

where ¢y = 2

P(ID — B{ (g 27 = B@E ¥ | 20270 f @ 27} — OHY) = O(H3)| > €)
< C,TX o~ CohiNe [Jlog? T | e NIy 4 G o~ CohimTe

< CITZ(e—CthhzTez i e—czjrlog2 J/hlhzl) " Cvle—c”zhfhgTé
For simplicity we denote cg := E{[g(z i 270 — B( Ty | zji, Zj,t)]z Fm Z/z)} we have
P(d - ¢y — O(H) — O(HD)| < %E) > 1 = [C T2 (e 44CoMInT  o=CaITlog Jfhilaly | 5, =4 CaIIAT |
Since cg > 0 by definition, we further have

P(_CEE <d-cp— O(h%) _ O(hg) < C?E) >1-[C T2(e—4c%C‘2h1h2T 4 o C2ITlog? Ity 4 Cle—4céézhfh§T]

IED(C?E < (i) _ O(h%) _ O(hg) < 3%) > 1 _ [C1T2(6_4C%C~2h1h2T + e—Cz]Tlng J/hlhz.]) + 618—402562/1%h%T]
By a similar argument, we can have
P(cia > 4 00 + O(hg)) > 1= e (JVT)2

Since h; = o(1) and h, = o(1), there exists Tg such that if T > T, O(h7) + O(h3) > -5

Therefore,
IP’((i) > %E) S 1= (JVT)?

forT > Tk.

61



We want to show that there exists ¢, ; such that
A~ CE ~ -2
IP(d) > Z) S 1=, VT)™2.

for any T'.
With the fact that

for T < Tr where we also have J < e%,
& _CE T 2 -2
]P((D>Z)>1—(€EVTE)(JVT) .

Thus, ¢; = max{cy;, (e’ Vv Tr)?} satisfies the conditions in the Lemma for the alternative

hypothesis. O

This lemma suggests that increasing the number of markets is crucial for achieving sufficient
power in the test. When setting the threshold, we also consider the number of alternatives; a
higher threshold increases the likelihood that the test fails to reject the null hypothesis. Intu-
itively, it may seem that having more alternatives would strengthen the test. However, under
the alternative hypothesis, despite this initial impression, an excessive number of alternatives
does not improve the test’s effectiveness because the bound for the alternative is not tight. The
power of the test primarily comes from the number of markets. Assuming logJ = o(T'), adjust-
ing the threshold by log J does not hinder the identification of the alternative hypothesis. Since
log J = o(T), a large number of alternatives also requires a large number of markets. We include
J in log(T Vv J) because if log J = o(T'), incorporating log J into the test can help identify pure
alternatives without significantly affecting the ability to distinguish non-pure alternatives. In the

case of cross-validation, log J would be absorbed into the constant term.

Theorem 4. (Pure Alternatives and Preference Parameters) Suppose Assumption 1 and 5 holds.

Choose the tuning parameter n = ¢ \/log(J VvV T)/hih,T for some cy > 0. With probability
1 —c(JV T) for some c;>0 and c,>0 such that

Iy=1I,
and forany 0 < € < 2

Py =yl > €) < C1Te ¢ + ¢;(J Vv T) ™.
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for some C>0 and C,>0.

Proof. For the first part of the theorem, when (j’, j) is a pair of pure alternatives for the same
type,

P(®| < o ylog(J vV T)/hih,T) > 1 —c,(J V T) ™%,

and when (', j) is not a pair of pure alternatives for the same type,

P(®| > ¢co ylog(J V T)/hih,T) > 1 — ¢ (J V T)™®
for some absolute constant ¢y > 0, ¢; > 0, and ¢, > 2. This means that
min{P(selected | a pair of pures), P(not selected | not a pair of pures)} > 1 — ¢, (J V T) .

We therefore have

N -1
P(Iy =1y > P( JU -1 tests are correct)

_1 B
>1- J(Jz )cl(J VT)Y 2 >1-¢c,(JVT)®

for some c¢;>0 and c¢,>0 by the union bound.

For the second part of the theorem, we know
P57 - yfll > €3k st j.j € I(k)) < C;Te "
for some positive C; and C, by Lemma 5. We can show that
P(I5* =¥ Il > e | Ty = Ty) < C,Te "¢
by the union bound. Then,

P(I5* =¥ Il > €) = P (19" = "Il > e} 0 (T = To}) + PAIFS =¥l > e} 0 {To # To})
<P(I9* =YXl > e | To = Io) P(To = I) + P(To # 1)

<C\Te "¢ 4 c,(JVT)™@
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E Fixed effects and probabilities of types

Not explicitly, we choose the tuning parameter as n = ¢y \/log(J vV T)/hh,T for some ¢y > 0

without being clear. This section discusses how to estimate the fixed effects. Define
M(e) = [O-]_'zl(é 10)2;] [ﬁjto-;tl(é, I())] ,

MJT(y’ 6) Z Z Z ]T(T ) ]z (IO)ZJIZ]TO—]T (6 IO)

t T#t
M) = 3@ 10)2]2:651 @ o)
DWW
where § and 9. We also have
e = argminéM 77(8)

and we want to show that M(@) is close to M(e™). By definition of the minimization problem, we
notice M;7(8) < M,r(e) and M(e") < M;7(8), so

IM(&) — M(e")| < [My7(&) — M(@)| + |Mr(e") — M(e")|
< \Myr(@) = Myr(@)| + IMyr(8) — M(@)| + |Myr(e™) = Myr(e™)| + 1M (e®) — M(e)|

where the second inequality is the triangular inequality.

Equation (13) gives &, = o“j‘.t1 (8., £X) from the inverse function:

lkfjr+x;ﬁk—@kpjkt

. &rjSjue '
P L (13)
k

efjkt X Pk kP jya

sup [Mr(e) — Myr(e)l < my||10g S —10g S llmax + mall* = ¥l
ecE
Lemma E.1. Under assumption, for any € > 0,

P(M(&) — M(e")| > €) < C,Te 7€ + ¢;(J vV T)™

for some constants, c; >0, c; >0, C; > 0and C, > 0.
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Proof. By the union bounds,

BAM(@) - M(e")] > ©) < P(1y1(2) = Myr(@] > 5) + PUMyr (") = Myr(e)] > 2)
+ B(My7(@) = M@ > 2) + PAMyr(e”) - M) > 2)
< 2P(sup W51 () ~ M(@)] > D 2P (sup | Mz (e) ~ M(@)] > 2
< 25up PN r(e) = M(e)] > D+2 sup P(IM 1 () = M(e)] > 2

< lee_csz2 + C](J \Y T)_Cz

Theorem 5. Under Assumptions 1, 5, and 6, for any € > 0,
P(le — "I} > €) < C1e™ T 4 cy(J v T)™,

for some constant C1 > 0 and C, > 0. And

A 27712 2
P(€; — &l > €) < C1e™ T + Ce™E + (Vv T)™2,

for some constants C; > 0,C, > 0,C3 > 0, and C4 > 0.

Proof. Using Taylor expansion on the moment function, we have,

1
P(IM(@) — M(e")| > €) = P - ) Hy(e)l@ —e*) > €)

Cslle = e"l3

P
> P( 7

> €)
Therefore, we have
s e JE —C,Té A T2 -CyTé )2
IP’(lle—e°||2>C—)<Cle = P(le—-e’ll; >€e) <Cie? .
3
Define

(@, &) =E |0\ @ 10.E) | j ¢ T - 1K),
su@ = > ;'@ 1.E),
Jj&J—-I(k)
@)= ) 5@ 1.2,

JjeJ-1(k)

65



Similarly, we can show that

Z _ 2/ 2 B )
P(|§ﬂ _é:jtl > E) < C1€ CTe/J + C3€ Cyle .

Theorem 6. Under Assumptions 1, 5, and 6, for any € > 0,
Pl — mull} > €) < C1e TN 1+ Cyem 4 c(J v T) ™.

for some constants C; > 0,C, > 0,C3 > 0, and C4 > 0.

Proof. We aim to bound the difference between m;, and 7;,. The expressions for 7, and 7, are

/lkfjkl+x ,ﬁk P j .t

Tt =
sjAt ZlGJ ek eé:lﬁLx”ﬂk (lkPn
ﬂkfjl‘,+x

W ,,Bk—@kpjkr

T =

Alo &i+xT Bi—upir
Sjkt Zie] ekleflt Itﬁk kPit

The denominators for m, and 7y, are

_ E Il it ubk—
D = Sjkl ek it l,ﬁ [711
ieJ
N — o. slo r‘fzt‘*'x k—&kpir
D = S it 2 ekt :
ieJ

The difference between the two denominators |D — D| can be expanded as

|D _ Dl = |s)u § (elo Eit X Br—rpir _ P Oe.fit‘*'x;,gk—@kl’it)
k kl ki
ieJ

Siu Y e B (16 — ] + 1 (B = Bl + (@ — @pi)

i

IA

We now consider the difference between the inverses of the denominators. Using the mean
value theorem for inverses, we have

1 |D—D|

D DI piD|

Specifically, we assume D,D > Cp > 0 where Cp, is a positive constant. Therefore, the
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inverse difference is bounded as:

1

\D - D|
D D '

Ch

Now, combining the bounds on the numerator and the inverse of the denominator, we obtain

the total bound for |, — 7yl:

|F - FI
Cp C2

|7 — il < |D D|

where F and F are the numerators of m;, and 71, respectively.

Given the bounds on the numerator and denominator differences, we conclude:

A 2 A A Al
e = Al < CUEjur = Ejudl + 1] (B = Bl + (G — @) pjdl + max el —el|),
Jk ic]

where C is a constant that depends on the lower bound Cp, for the denominators.

. ~ N/ I
P(iry; — el > €) < P [C(|§,,J £l + B Bulla + 10 — ] + max Jofs — ] > e)]

< Ce CTE 4 Cue™ € 4 /(T V T .

F Tools and properties in high dimensions

F.1 Concentration inequalities, union bounds, and U statistics

Lemma F.1. (Markov’s Inequality) If X is a nonnegative random variable and € > 0, then the

probability that X is at least € is at most the expectation of X divided by €

PX > 6) < 2K,
€

Lemma F.2. (Hoeffding’s Inequality) Let X, X>, ..., X, be independent random variables such
that X; € [a;, b;] fori € [n]. Let S, = Y., X;. Then, for any € > 0,

P(S, —E(S,) > €) < e 2€/ i bima’ P(E(S,) =S, > €) < e 2€/ X bima)’,
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and
IP>(|Sn - E(Sn)l > 6) < 26_262/ Z;l:l(bi_ai)z.

Definition 4. (Sub-Gaussian) A random variable X is called sub-Gaussian if its tail probabilities
decay at least as fast as those of a Gaussian distribution. Specifically, X is sub-Gaussian if there

exists a positive constant o> > 0 such that for all € > 0,
2 2
P(X| > €) <2e7 /%,

An equivalent definition involves the moment-generating function (MGF). A random variable

X is sub-Gaussian if there exists a constant o> > 0 such that for all 1 € R,
( e/lX) < eﬂ(rz/z

In both definitions, o2 is often referred to as the sub-Gaussian parameter and is similar to
the variance in the Gaussian distribution, controlling the rate of tail decay and the growth of the
MGF.

Lemma F.3. (Bounded Random Variable) Let X be a random variable such that a < X < b almost

surely, where a and b are constants. Then X is sub-Gaussian with variance proxy parameter

2 _ (b-a)

o 3

Lemma F.4. (Product of sub-Gaussian Variable) Let X be a bounded random variable such that
|X| < M almost surely, for some M > 0, and let Y be a sub-Gaussian random variable with

parameter o. Then, the product Z = XY is sub-Gaussian with a parameter at most Mo

Proof. By definition, X is sub-Gaussian if there exists a constant o> > 0 such that for all 1 € R
E [eﬁx] < e7’/2_ Consider the MGF of Z = YX, since |Y| < M, it follows that

T( e/lYX) < T( e/lMle) < e/lezo'z/Z’
by using the sub-Gaussian property of |X| (it is sub-Gaussian by the first definition), therefore
Ef(elz) < e/leza'2/2

The inequality above shows that XY is sub-Gaussian with parameter M2c2. O

Lemma F.5. (Union Bound) Let A1, A,, ..., A, be events in a probability space. Then, the prob-

ability that at least one of these events occurs is bounded above by the sum of their probabilities.
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Formally, the union bound is given by
P (U Al-) < ) PA).
i=1 i=1

The following lemmas are standard in the literature and are presented here to streamline our

subsequent proofs of estimates. They also offer insights into how to bound tail probabilities.

Lemma F.6. (Union Bound Variation) Let X and Y be random variables. Then, for any € > 0,
the following bound holds:

P(X1Y| > €) < P(X] > Ve) + P(Y| > Ve).

Proof. The event |X||Y| > € implies that either |X| or |Y| must be sufficiently large for their product

to exceed €. More precisely, the event {|X||Y| > €} can be rewritten as
{1X11Y] > €} € {IX] > Ve} U{lY] > Vel

which means that at least one of the events {|{X| > +/€} and {|Y| > +/e} happens. Using the union

bound, we have
P(X||Y] > €) < P(X| > Ve) + P(IY| > Ve).

O

Lemma F.7. (Union Bound Variation) Given random variables X' for | € [L] > 0, assume there
exists functions f; for any € > 0,P(X' > €) < g,(€). Then, that the probability of the summation

of the random variables is at least € can be bounded as:

B X' >0 < ) gl

le[L] le[L]

Proof. We notice that

€
Py X! <P X > o).
%}1 > ) < Pmax X' > )

This is because the set on the equation’s left is a subset of the set on the right; otherwise, if all

X' < €/L, the summation will be smaller than L.
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Then we have,

P(max X' > ¢/L) = P Jix' > e/Lh < Y P> e/D) < ) gl(%),

le[L] le[L] le[L]

where the first inequality is from the Lemma FE.5 of the union bound, and the second inequality
holds by assumption. O

Lemma FE.8. (Constant in Bound) Given a random variable X for n > 1, assume there exists

function g for any € > 0, P(X > €) < g(€). Then for any ¢ > 0
€
P(cX, > €) < g(-).
c
Proof. The proof is direct by noticing
€
P(cX > ¢€) =P(X > -).
c

O

Lemma F.9. (Bound of Average) Given random variables X' for | € [L] > 0, assume there exists
functions g; where for any € > 0,P(X' > €) < g/(€). Then, we have the bound for the average of

these random variables:

IP’(% Y x> <) ale).

le[L] le[L]
Proof. This comes directly from Lemma F.7 and Lemma E.8. O

Lemma F.10. (Upper-bound of Bound) Given random variables X and Y and assume Y > X

almost surely, then for any constant €
P(X >e€) <P(Y >¢€)

Proof. This is because if an event satisfies X > € on the probability space, the event satisfies

Y > € by the assumption that ¥ > X. O

The Lemma F.10 implies that we can use the tail bound of Y to derive the tail bound for X.
By contrast, we also have P(X > ¢) > P(X > ) for € < e to derive the bound, which comes
from the definition of the CDF. We use these facts regularly without explicitly mentioning them
throughout the proofs.

We nonparametrically test the form of the function where U Statistics are helpful.
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Definition 5. (U Statistics) A U-statistic is defined for a set of T observations X,,X,, ..., Xr and
is of the form:

UT = T Z h(Xi|$Xi2’~~-9Xik),
(k) 1<ii<ip<-<ix<T
where h(-) is a symmetric kernel function of k variables (the order of the U-statistic), meaning

that the function does not change if the inputs are permuted, and k < T.

Lemma F.11. (Hoeffding’s Inequality for U-Statistics) Let Uy be a U-statistic of order k with
kernel WX, Xi,,...,Xi), where X|,X,, ..., Xr are independent random variables, and assume

that the kernel h is bounded by
h(X;, Xiys .- Xi)l < M.
Then, Hoeffding’s inequality for U-statistics is given by
P (Ur - E[Ur] 2 €) < 27T/

where € is the deviation threshold.

Hoeftding’s inequality for the U statistics is most commonly used because of its simplicity.
However, like Lemma F.15, when the numerator in the power of the exponential is tiny, the bound
does not perform well. Specifically, when the € is small, the power of the square on it will require
the number of observations T to be large—the recent development of Bernstein’s version of the

concentration parameter deals with this problem.

Lemma F.12. (Bernstein’s Inequality for U-Statistics) Let Uy be a U-statistic of order k with
kernel h(X;,, Xi,, ...,
that the kernel h is bounded by

X;,), where X,,X», ..., Xr are independent random variables, and assume

WX, Xy, ..., X)) < M.

e
Then Bernstein’s inequality for U-statistics is given by
P(Ur - E[Ur]| > €) < 27/ 4580,
where o is the variance of (X;,, Xi,, ..., X;).
This inequality is useful when we estimate the properties of an estimator condition on events.
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We conclude with another commonly used fact which is helpful for our discussion of the 2SLS

later.

Lemma F.13. Let X € R™? and Z € R™4 be matrices such that (a) The eigenvalues of %ZTZ
are strictly positive. (b) The singular values of %ZTX are strictly positive. Then, the eigenvalues

of the matrix %XTZ(ZTZ)”ZTX are strictly positive.

Proof. LetA = %XTZ(ZTZ)‘]ZTX . We aim to show that the eigenvalues of A are bounded from

below. Consider the quadratic form of A,
T 1 TyT Ton—1>7T 1 T 7T\ -1
vAv:TvXZ(ZZ)ZXv:TW(ZZ) w,

where w = ZTXv. Let ZTZ = UAUT, where U is an orthogonal matrix (containing the eigenvec-
tors of Z'Z) and A = diag(4,, ..., A,) is a diagonal matrix with the eigenvalues of Z"Z, denoted
A1, Ao, ..., Ay, which are all strictly positive.

Thus, (Z7Z)™' = UA'UT, where A~ = diag(1;!,... ,/l;I).

Now, we transform the quadratic form:

wi(ZTZ)'w = (U w)"A{(U™w). (14)

Let w’ = UTw, and hence the quadratic form becomes:

q
1
T ZTZ -1 — /14_1 {2 > ’ 2, 15
wiZ'Z)"w ; QW _Amm”W”2 (15)
where w’ are the components of w’ and the last inequality is from the Cauchy Schwarz (CS)

inequality. In the matrix format, this is equivalent to

lIwll;

T Awin (52)

1 YAV
wi (Z7Z2)'w = =wT(

“—Hlw>
T T

Given the definition of w,

Wiz = vIXTZZTXv > T?0?, VI3,

min
where o i, 1s the smallest singular value of %X TZ. Then we have

To?. |v|[?
WT(ZTZ)—IW > mm” ”

/lmin (LTZ) .
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Thus, by the property of Rayleigh Quotient, the lower bound on the eigenvalues of A is

0'2-
AA) > —2— > 0.
/lmin (Z,TZ) -

F.2 Non-asymptotic properties for the empirical shares

Given alternative j and market 7, the observed sale is Y, we have that Y, ~ Binomial(Q, s,) and
A Y;

Sj[ = WJ.

Lemma F.14. (Bound of Share) If all parameter spaces are compact, mMilex) (] Tkr > @r fOr
some @, > 0, and ming(g; % > @, for some @; > 0, then there exist constants ¢* > 0 and ¢~ > 0
such that

+

J JjelV.eelT] J

Proof. We use constants ¢; < 0xjr < ¢ to reflect that 6y is uniformly bounded for any type &,

alternative j, and market ¢, since it is from the linear combination of bounded variables. We have

Ly, (j)e®r
Sip = Z My —————

kt
. Okit
ke[K] Z i€y 4

by definition.

We also have

]‘Jk (j)eékjf e‘pg esog e‘p; 90+
§ TS 50 < § TCks — = - < - < —
. kil
kel K] Dies, € G ien € Ziep et @iJet J

where the second inequality comes from the sum of m;, equals to 1.
On the other side,

Z - ILJk(j)e(Skﬂ > Z % > K()Dzre‘p‘; > K()Ozrew‘;

k > —
t ‘;071 .
Z' Ski ot ot ot

ke[K] i€y ! ke[K] Z[E.Ik e Z[E]k e Jé ° J

O

With these two bounds, we can get some practical properties to observe that the empirical

shares are more significant than specific values with high probabilities.
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Lemma F.15. (Hoeffding’s Threshold for Empirical Share) Given alternative j € [J] and market
t € [T], the probability that §j; exceeds a positive value ¢ where ¢ < sj; can be bounded as

follows:

2
P(8y 2 @) 21— e?Nore?,

Proof. The proof follows from Lemma F.2 of Hoeffding’s Inequality. We notice

]P)(ﬁjt >(,0) =1-P@;<p)=1 —P(th SN(p) =1 —P[stt_th ZN(Sjt_‘P)]

~2N(sj—¢)
Zl_e (ij¢)’

where in the last inequality, we use the property of binomial that E(Y;;) = Nsj, and € = 5;; — ¢ >
0. m]

Lemma F.16. (Hoeffding’s Bound for Empirical Shares) Given alternative j € [J] and market
t € [T], for any € > 0 the probability

P8 — ;] = €) <272V
Proof. We use the Hoeffding’s inequality,
P(Sj— sl > €) =P(N|Sj; — syl > Ne) = P(]Y;; = Nsj| > Ne) < 272N

because Y, is the summation of the independent Bernoulli trials and E(Y ;) = Nsj;. O

Hoeffding uses boundedness and independence. s;; or € appears in the power of square in the
bound; therefore, it is not very good when s, is small. We can use the Chernoff bound to get a

tighter bound of a binomial distribution when s, or € is small.

Lemma F.17. (Chernoff’s Bound for Binomial Distribution) Given alternative j € [J] and market
t € [T], for any 0 < k < 1, the following bounds hold:

Upper tail bound: P[Y;, > Ns;(1 + k)] < e < Nil3

Lower tail bound: P[Y; < Nsj(1 -«)] < e Nsin/2

Lemma F.18. (Chernoff’s Threshold for Empirical Share) Given alternative j € [J] and market

t € [T], the probability that §j; exceeds a positive value ¢ where ¢ < sj; can be bounded as
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follows:
P(5; > @) > 1 — e N0 /25,
Proof. We set « = < and thus:
Jt

P(3; < ) < Moo,

14 14

for the Chernoff lower bound. We can choose k = —‘gf;f since —S’;__I > 0 due to the fact that
Sjt J
Sjt—¢

si—¢>0and s; >0. 222 < Tisby 1 - £ < 1 from ¢ > 0. O

Lemma F.19. (Chernoff’s Bound for Empirical Share) Given alternative j € [J] and market
t € [T], for any 0 < € < s}, the probability

N —_Ne2 .
P(S;—sul>e)<e Ne 3si

Proof. Similarly, let k = £

St
" N3
P(S;—sul>e)<e Nef3si,

O

Lemma F.20. Given alternative j € [J] and market t € [T), if 9 < s; < &, we have a high

probability that the empirical share §;, is larger than %—that is

2
2J

~ _N?
P(§; > =) > 1 — e V/%a/

which is equivalent to
° %o ~Ng2/8c1J
P(§; < =) < e "9/,
@< 5

— %

Proof. This comes directly from Lemma F.18 by setting ¢ = 77.

To be specific,

P(5; < 22) < o N e0/20P 25y < g NGB 5y < o=Nei/8e1)
< pP< < <

where the second inequality is from the fact that s is bounded below by %" and the third inequal-

ity comes from fact that s, is bounded above by 4. O

The following sequence of lemmas shows that after dropping some small shares, the value
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|1{8;; > o}log §; — log s;| will be close to zero with high probability when the number of con-
sumers is relatively large—not rigorously speaking when N >> J.

The distance of 1{§; > ¢}log§; and logs; can be decomposed into two parts |1{§; >
o}(log §;; — log s)|+|1{3;; < o}logsj|. We deal with [1{§; > o}(log§; — logs;)| first. The
idea is to observe that when §j is not close to zero, we can check the distance of logarithmic
distance by §;, — s directly. Meanwhile, the probability that §; close to zero is small. The tuning

parameter is to ensure that the logarithms of shares are well-defined.

Lemma F.21. Given alternative j € [J] in market t € [T], assume utilities are bounded such that

— +
£ < s; < 5. Given an alternative j in market t, for any 0 < € < 2,

P[|log §;; — log sl > €] < Cy(e” N 4 =Ny,

where Cy and C, are positive constants.

Proof. We decompose PP[|log §;,—log 5| > €] conditional on two events {§;, > £
so that

P[1log §; — log 5| > €]

= P[llog§; —log s;| > €| §; > %]P(fﬂ > %)+IP’[| log §; —log syl > €| §;r <

H H>

where ¢~ is the lower bound from Lemma F.14.
Firstly, for H,

P(|log§;, —log s;| > €| §; > %)P(ﬁj, > g—J) <P(/log3; —logs;l>e€el3;> "2%).

We therefore would like to bound the value P(|log §;; —log s;| > €| §;; > %) and we know

§.— 5
A jt St P B NN
|log §;; —log sl = |log(—' + DI < max (85, 55, )18 — sl

S jt

where we use the fact that = < log(1 + x) < x for x > —1 so [log(1 + x)| < |max(x, $35)| by
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taking x = 2% > —1. Then we have
2t

P(llog $; — log s, > €| §; > %) < P[max (8}, s;)8j — sul > €] §; > ‘;—J]

2J . . N
SP(;lSﬂ—Sﬁl > E| Sjt > %)

A Qe ¢
=P(8); — sjl > a7 | 80 > ﬂ)'

We use the law of total probability,

90_) < P(|§]1_ sjtl > %) < IED(l:s‘\jt_sjtl > %)

A Qe .
P(S;—sil > — 15> —
(] Jt ]tl | Jt 2] P@jz > %) T ] — e ¥AN/BCI

2J

< e—t,a’Nez/lZ]Zsj, < e—t,a’zNez/&,a*J

~Y

where the second inequality is from Lemma F.18. With J = o(N), the denominator is bounded
by a constant. The first approximated inequality is from Lemma F.19 where we require € < 2 so
£ < £ <y

Secondly, for H,,

P(|log 3, — log s, > €| 8 < g—J)IF’(fj, < %) <P < %) < P NC

where the second inequality is also given by Lemma F.18.

Therefore,
P[[1og §; — log s;,| > €] S 7% NE/09™ 1 e NI, (16)

and we can take the minimum of the constants in the exponential to get the desired result. O

With high probability, §; is well defined and log §;; — log s is close to zero. If we drop the
not well-defined part of the random variable log §;, —log s, it will also be close to zero with high

probability.

Lemma F.22. Given alternative j € [J] in market t € [T], assume utilities are bounded such that
% <sj < %, J =0(N), and 6 > 0. Forany 0 < € < 2,

P([1{3;; > S}(log §;; — log s;,)| > €] < C1(e” N 4 ¢ CNITy,

where C and C, are positive constants.
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Proof. This holds since [1{§; > o¢}(log§; — logs;)| < |log§; — logs;| and we use Lemma
F.21. O

Lemma F.23. Given an alternative j € [J] and market t € |T], assume utilities are bounded such

that <sj; < —and6<

< 5. For any € > 0,

P(1{3;, < 6}logs;| > €) < C T ("N 4 ¢=CNIY),

where Cy and C, are positive constants.

Proof. We use a decomposition

QD_

= P(1{$; < 6} log s > €| §; > g—J)]P(ﬁj, > g—J) + P(1{3;, < 6} log syl > €| § < %)P(ﬁj, <%

= P(IL{5; < 6}log s;| > € §; < g—J)P(sj, < ‘g—J) <P < %) < oo NSO

where the second equality is from 6 < ‘;’—J and the last inequality is by Lemma F.20 O

Lemma F24 Given alternative j € [J] in market t € [T], assume utilities are bounded such that

T <sp<5,J=0(N), andé < Forany 0 < € < 2,

_ZJ

P(IL{3;, > 6}log §;; —log s;| > €) < C\T(e N 4 ¢=CNI),

where Cy and C, are positive constants.
Proof. The inequality comes from the union bound. O

The following lemma suggests that if we sum the errors of the distances between the empirical
shares and probabilities over markets, we would like to have the data satisfying Jlog7T << N to

get a small summation.

Lemma F.25. Given alternative j € [J] and market t € |T], assume utilities are bounded such

that & < sj < £ J=0(N), and 6 <

7 J Forany 0 <e <2,

—21

1
P( Z 11{8;, > 6}log §;, — log 5] > €) < CT(e N1 4 g=CNIYy,
t

where Cy and C, are positive constants.
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Proof. we have

PO (148 > 8} log § — log s > Te) S T(e™N<H + e=NI)
t

by the union bound. |

Then, we show that the distance of some functions of the empirical shares and shares are
also close to zero with a high probability. The intuitions are the same as above and provide
foundations for the 2SLS estimator.

¢
J and

- +
5”7 <sp, < “’7 and a uniformly bounded stochastic process v,(w) where w € B and B is compact,

if ] =0o(N)and ¢ < %, then for any 0 < € <2

Lemma F.26. Given alternatives (J, j/) € [J] with bounded utilities such that % < s <

weB

o, . . . 2 2
P<|sup = 1{s; A §p,> o}(log §;; — log §p,— vi(w)) —(logsj —log Spe— viw)) ]| > €
T
t

_ 2 2 _ 2
< ClT(e CyNe“/Jlog”J +e CyN/J log J)

where Cy and C, are positive constants.

Proof. The goal is to bound

1 . e . .
|sup Z 148 A 87, > oHllog §; — log 8, — vi(w)]* — [log s, — log 57, — v,(W)I}I.
t

weB

We can instead bound,

1 A .a . .
Sup - Z 11{8; A 87, > @Hllog 3, — log §7, — vi(w)]> — [log s; — log 57, — vi(w)I*}.
t

weB

It is sufficient to check,

1 A . .
Sup Z |1{3;; A 87, > ¢}{[log §;, —log §;, — vi(w)])* - [log s;; — log Sj = vi(w)?]

weB

t
1
= sup —

T Z |1{Se A 87, > p}llog §;, —log 8y, — log s, + log s,
weB 7

[log §;; — log 8, +log s, — log s/, — 2v(w)]l.
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Notice

1 . o . .
]P’{ sup T Z |T{8;: A 8y, > p}[log §;, —log 8, —log s;; + log s,]
t

weB

[log §;, —log§;, +1ogs; —logs;, —2v(w)]| > 6}

- IP{ sup > [L{8: A 87, > ¢lllog §; — log §, ~ log 5, + log 5]

weB 7
[log §;; —log§;, +1ogs; —logs;, —2v(w)]| > Te}
< sup}P’{Z [1{8; A 87, > p}[log §; —log 8y, —logs;; + log sy,
weB 7
[log § — log §, +log 5, — log s, — 2v(w)]| > Te}

< supZP{|]1{§j, A8y > pl[log§; —log§,, —logs; +logs;,]

weB P

[log §;, —log§;, +1og s; —logs;, — 2v(w)]| > e}
where the first and second inequalities are from the union bound. Then, we have

supZP{lﬂ{fﬂ A §j/, > p}[log §j; — log §j/, —log s;; + log 7]

weB P

[log §;; —log§;, +1ogs; —logs;, —2v(w)]| > e}

= supZIP’{IIL{ﬁjt A Sy > pl[log§; —log§,, —logs; +logs;,]

weB P

P 2¢ S
[log §;; —log 8§, +1ogs; —logs;, —2viw)]| > € §;; A §7, > TO}IP’(sﬂ NSy >
+sup ) P{|11{§,, AS7 > oMlog S — log §7, — log s, + log 5]

weB 7

. A oa 200\ n . A
[log §;; —log§;, +1og s; —logs;, —2viw)]| > €| §;; A §7, < TO}IP’(sj,j NSy, <

80
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J
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Therefore, to bound the sum, we need to concentrate on

H, = supZP{l]l{§jt A8y, > @llog§;, —log §y, —log s +logs;,]

weB 7

2

Hy=sup y ]P{m{sﬂ A Sy > plllog 8 — log 8y, —log s + log s7.]

weB 7

. . A 200\ n . A
[log §;; —log§;, +logs; —logs;, —2v(w)]| > €| §;; A §;, < TO}IP’(sj, NSy, <

We focus on H; first

H, < TsupIP’{IIL{fj, A3y, > lllog$; —log§,, —logs; +logsy,l

weB

2C()
7)

2o,

J

. o R . 2c . . 2c
(11og 51 + [1og § 7,1 + [Tog s + [log s, + [2v(w)D| > € | §j¢ A §7, > TO}P(SJ, NSy, > 70)

<T supIP’{l log §; —log§;, —logs; +logsy,l

weB

2¢ 2c c c . R 2¢
(|10g70| + |10g70| + |10g70| + |log70| +202) > €] 8 ASy, > 70}

2
< TP(Cslog J|log§; —log§y, —logs; +logsy|>€|8; A§; > %)

2
< 2TP(C3log Jllog §; — log sl > €| §j1 A §7, > %)

- 2TP(Czlog J|log §;; — log sjs| > €) - 2TP(|1og 8 — log s;4| > Cﬂ;og,)

P(3; A §y, > 20) - 1 -2P(3; > 20y

S, T( e—Cstz/JlogZJ n e—CzN/J)

where the fourth inequality is from the law of total probability. The last inequality relies on

Lemma F21 and J = o(n). Note that there is no guarantee that ——— < 2 for any positive

CszlogJ

constant Csz, but we can take C5 large. ¢, > 0 is the upper bound of |v,(w)| and C3 > 0 is a

constant. C; > 0 and C, > 0 are constants which do not depend on j and z. Then we discuss Hj:

20” ~
H, < TIP(S‘\jt A §j't < %) S Te_C2N/J,

where the approximated inequality is from Lemma F.20 and C, > 0 is a constant.
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Therefore, by the union bound, we have

2
PJ{lsup — Z {8 A Sy, > go}[(log $j—log 8y, — vt(w)) (log sp—logsy, — v,(w)) 1l>€

weB
_ 2 _
< ClT(e C)Ne /Jlog J +e CzN/J)'
where C; and C, are positive constants. O

Lemma F.27. Given alternatives (j, j ") € [J] with bounded utilities such that <sj < % and

5” <sy < “’ and a uniformly bounded stochastic process v,(w) where w € B and B is compact,

lfcpﬁg—], thenforany0<e<2

P(sup — Z 11{8; A 37, < Hllog s, — log s 7, — vi(W)*}| > €) < Cre” NV

WEB
with a positive constant C}.

Proof. By the law of total probability,

P(1{8; A 87, < pHllog s = log s 7, — viw)I*}])

= P(1{8;: A 87, < eHllog sje —log sy, = vimPH | 85 A 8, > )]P(sjz NSy 2J)
H,
+P(1{8; A §7, < pilog sy —log sy, —viwWPH | 8 A §7, < )]P(sﬂ A Sy 2J)
Hy
Since ¢ < 2/, we have H; = 0. And
_ o
Hy < B3y < ) < e N
Then, we use the union bound inequality to derive the result. O

Lemma F.28. Given alternatives j and j with bounded utilities and a uniformly bounded stochas-

tic process v(w) where w € B. If J = o(N) and ¢ < 3%, then for any 0 < € <2

2/’

2
P<|sup — ZIL sj,/\s],><,0}[10gsj, log §;, — v,(w)] [logsjt—logsj/t—vt(w)] | > €

weB

_ 2 _
< ClT(e CrNe /Jlog J +e CQN/J)
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where Cy and C, are positive constants.

Proof. This is a direct application of the union bound. O

G Supplementary figures

Figure 6: Polynomial surfaces and points for same vs. different nest pairs (Nested Logit)

Al2

ALV,

(b) Different nests

H Connect FML to Topic Model

Example 3 (Topic Model) In natural language processing, the most common interpretable mod-

els are topic models (Ash and Hansen, 2023). We observe documents ¢ € [T] based on a dictio-

nary of j € [J] terms. There are latent topics k € [K] for generating the documents. We assume
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that the probability of a term j appearing in a given entry of document ¢, s, is given by

K K
si= ) Pi(Topic K)P(Term j | Topic k) = ) muAy),
k=1 k=1

or equivalently,
P=A"W,

where P € R”7, A € R®Y, and W € R® with P, = sj, and Wy, = my. In Appendix 1.3
we show that for any set of {A;}, there exists {u;} such that A;; = ;’kf])eeki for j € [J] and k €
LE. k

[K]. Specifically, their models ignore covariate x; while our models allow for variations in the

probabilities of terms conditional on topics by the logit models. Such an extension is meaningful.
In economic applications of policy communications, the words used in the documents rely on the
economic conditions and political parties. Violating the basic assumptions of the topic models

can bring about difficulty in interpretations of the results from misspecification (Ke et al., 2019).

I Identification without unobserved characteristics

I.1 Extra notation

For a generic matrix Q € R®™, we let Q;. and Q. j be the ith row and jth column of Q. Finally,

write the d X d diagonal matrix

Dy := diag(/|Q1-ls, ..., 1Qall1)

and let (Dy);; denote the i-th diagonal element. Finally, we denote Q™% := DélQ as the row

normalization of matrix Q.

I.2 Non-identification with unobserved characteristics

Here, we present an illustrated example demonstrating that identical observed probabilities can
be depicted through two different types of mixtures. The matrix entries denote the probabilities
of products occurring within these mixtures, with four products represented in the rows and three

mixture types. With unobserved characteristics, the matrix values in A are arbitrary.
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[1 L 1 1
2 2 2 1 2
1 3 1
A=|? 1 and W = |1, we have AW = ?
2 1 6
1 3 1
L 21 ) 6
For an alternative representation,
[1 1 2] 1
3 3 3 1 2
2 4 1
A=|3 ) and W = | 1|, we also have AW = ?
3 1 6
1 2 1
6

L 3
This example underscores that, even with knowledge about the product-mixture associations,

determining the probabilities of mixtures and utilities requires additional assumptions.

1.3 Connection to topic model

We show that for any given set of {A;;}, there exists a set of {u;} such that for all j € [J] and
k € K, the following holds:

L (hem

Ari =
j -
Dlics, €M

Without loss of generality, we fix k for the analysis. The set J; is specified as J; = {j €

J | Ax; > 0}. Also, for any j where Ay; > 0, let ux; = log Ay;. This specification supports the
1, (j) €'
Yier, €k

argument that A;; = because 2 ;c; Axi = 1.

1.4 Identification assumption: Seperability

Definition 6. A column stochastic, rank K matrix A € R¥* is said to be separable if there exists

a row permutation matrix Il such that
- |D
AT = : 17)

where D € R¥*X is a diagonal nonnegative matrix.

It will be convenient to have an explicit definition of what it means to say that P admits a

nonnegative separable matrix factorization:

Definition 7. A column stochastic matrix P € R’*T with nonnegative rank K is said to have a
rank K separable (or anchor-word) factorization if P can be written as P = AW, where A € R¥*J

is some matrix that satisfies Definition 6, and W is a K X D column stochastic matrix.
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I.5 Identification without unobserved characteristics

Definition 8. A loner of a row-normalized matrix is a row r which is not a convex combination

of at least two rows, r',r”, withr # v andr # r".

Assume pj, = p;fort € [T]in (3) that there is no variation of the prices in the markets. We denote
Ayj = s}".(pIC ) and Wy, = m,. If both A and W have full rank K and A satisfies the separability
assumption, then model (3) is identified up to permutations.

Proof. We let s = ATW rely on the row normalization of share matrix s. Let A*™ = D;'AT Dy
then P = A*TW™¥, And we rely on the loners for the identification. W is of full rank, and Dy
is of full rank by the nonnegativity. Therefore, W™¥ is of full rank as well, and the rows in the
W™V are loners. Then, we want to show that the loners in PV are rows in W™V,

Firstly, we show the rows in the P™% are convex combinations of the rows in W™, This is
because A*1x = A*W™V1; = P17 = 1. We then show that if a row in A represents an anchor
word, the corresponding row in A*" is a unit vector on a standard basis. Right multiplication of
D3! multiplies the rows by fixed numbers, and left multiplication of Dy multiplies the columns
by fixed numbers. Neither of the operations changes the sparsity pattern of the matrix.

With the rows in PV are linear combinations of row in W™%, we prove that the all rows
in W™ can be found by loners in P%. We prove this by contradiction. As we discussed,

due to that each anchor word exists for each topic and therefore the sparsity pattern of A*T, all

rows of W appear in P. If W°" is a strictly positive linear combination of {P,]%,--- , P,/*'}
and PY # W{°". That is W™ = > a;P," and a; > 0. Since {P]¥,---, P "} are linear
combinations of {W{*¥,--- WV}, PV = Z';zl a; jW;"W for a;; > 0 and there exists j' > 2 s.t.
a;y > 0. Then

W™ = Z a; Z a; ;W™ = Z Z aia;;Wi".

Jj=1 i=1

The weight of Wr"W is larger than 0 so Wi is not a loner. This is a contradiction.

For the rows other than W™ in P™¥, they are all linear combinations of rows in W. Therefore
the loners in P% are rows in W™%. We can recover W% by checking the loners in P*". We can
derive A" by A" = PYW™"*. Then A can be calculated by column normalizing D,A". O

1.6 Separability with unobserved characteristics

For P, = AlTWl with dimension J X T; and P, = A; W, with dimension J X T, we assume all
Ay, Ay, Wi, and W, have full rank K. The anchor pattern of A; and A, are the same but A; # A,.
Then there does not exist NMF under the separability assumption for P = [Py, P,]
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Proof. We prove this by contradiction. We will show that A; = A, if NMF for P exists under
the separability assumption. Assume there exists P = ATW and A satisfies the anchor word
factorization. We have ATW, = A; W, and ATW, = A,W, where W, is the first 7; columns of
W and W, is the last 7, columns of W. Since A, and A, satisfy the anchor word assumption, by
the uniqueness of the anchor word factorization for P, and P,, we have A = A = A,, which is a

contradiction. m]
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